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WEIGHTED STATISTICAL APPROXIMATION OF 
KANTOROVICH TYPE q-BALAZS-SZABADOS OPERATORS 

INCLUDING THE RIEMANN TYPE q-INTEGRAL

Esma Yıldız ÖZKAN1

ABSTRACT

In this study, Kantorovich type q-Balazs-Szabados operators including the 
Riemann type q-integral are defined, and the weighted statistical approximation 
properties of these operators are obtained. The rate of convergence is also 
investigated by means of weighted modulus of smoothness.

MSC: 41A25, 41A36

Keywords: q-Balazs-Szabados operators, Kantorovich type operators, Korovkin 
type approximation theorem, Weighted modulus of continuity.

1.INTRODUCTION

The application of q-calculus in the approximation theory have bocome 
one of the important area of the researchs. The statistical approximation 
properties of the some operators have been recently investigated by several 
authors. For example, In (Dalmanoğlu&Doğru, 2010) Kantorovich type 
q-Bernstein operators, in (Doğru&Duman, 2006) Meyer-König and Zeller 
operators based on q-integers; in (Radu, 2008)  q-analogues of Bernstein-
Kantorovich operators; in (Ersan&Doğru, 2009)  q-Bleimann, Butzer 
and Hahn operators; in (Gupta&Radu, 2009)  q-Baskokov-Kantorovich 
operators; in (Mursaleen&Khan, 2013) q-Stancu-Beta operators and in 
(Ren, 2014) Kantorovich type q-Bernstein-Stancu operators were defined 
and their statistical approximation properties were investigated.

We recall firstly some basic definitions used in q-calculus. Details can 
be found in (Andrews,Askey&Roy, 1999; Aral,Gupta&Agarwal, 2013; 
Kac&Cheung, 2002). 

For any non-negative integer r, the q-integer of the number r is defined 
by

 

1    Gazi Üniversitesi, esmayildiz@gazi.edu.tr
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where q is a fixed positive real number. The q-factorial is defined by

 

For integers n,r with , the q-binomial coeffients are defined 
by

 

The Riemann type q-integral is defined as 

 

for  and 

Bernstein type rational functions are defined by K. Balazs(Balazs,1975). 
K. Balazs and J. Szabados modified and studied the approximation 
properties of these operators (Balazs&Szabados, 1982). The q-analogue 
of the Balazs-Szabados operators is defined by O. Doğru (Doğru, 2006) 
as follows

  (1.1)

where  and  for all  and 

. Also, O. Doğru gave the following equalities:

        (1.2)

        (1.3)
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.    (1.4)

In (1.4), using the equality , we get

.     (1.5)

We will use (1.5) instead of (1.4) throughout this paper.

2. CONSTRUCTION OF OPETARORS

In this part, we construct Kantorovich type q-Balazs-Szabados operators 
including the Riemann type q-integral.

Definition 1. We define the following Kantorovich type q-Balazs-
Szabados operators including the Riemann type q-integral:

   
(2.6)

where f is a continuous function on  for  

and  for all  and .

Lemma 1. The following equalities hold fort he operators 

        (2.7)

       (2.8)
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.   (2.9)

Proof. Using (1.2), (1.3), (1.5) and the equality 
, we have

      (2.10)

,     
(2.11)

.   (2.12)

Using (1.2) and (2.10), we get 

Similarly, using (1.3) and (2.11), we obtain

 

Finally, from (1.2), (1.3), (1.5) and (2.12), we find that

          .

Lemma 2. The following equalities hold for the operators 
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    (2.13)

 

                                         (2.14)

                                        (2.15)

Proof. Using Lemma 3, after a simple calculation, the proof can be 
obtained easily, so we omit it.

3. WEIGHTED STATISTICAL APPROXIMATION 
PROPERTIES

The concept of the statistical convergence was introduced by H. Fast 
(Fast, 1951). We recall some definitions about the statistical convergence. 

The density of a set  is defined by

 

The natural density, , of a set  is defined by

 

Provided the limit exist (Niven, Zuckerman&Montgomery, 1991). A 
sequence  is called statistically convergent to a number L if
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for every  and it is denoted as . Any convergent 
sequence is statistically convergent, but not conversely (for an example see 
( Doğru, 2006)).

A real function  is called a weight function if it is continuous on  and 
 for all .

Let denote by  the weighted space of the real valued functions 

f defined on  satisfying  for all , where =

 and  is a constant depending on the function f. 
We also denote with 

 

the weighted subspace of .  and  are Banach 

spaces with the norm 

Let  be a sequence satisfying

  (3.1)

Now, we are ready to prove the following convergence theorem for the 
operators :

Theorem 1. Let  be a sequence satisfying the conditions given 

in (3.1). If f is a function in , then it holds for the operators  

 

Proof. From (2.7) in Lemma 1, it is clear that

    (3.2)

Using (2.13) in Lemma 2, we obtain
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For a given , let us define the following sets:

 

 and  

with  and . Since , we get

.

Under the condition given in (3.1), it is clear that

 

which implies

    (3.3)

Using (2.15) in Lemma 2, we can write

 

Again for a given , let us define the following sets:
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by choosing 

 

and 

Since , we have

 

 

 .

Under the conditions given in (3.1), we have

 

and

, 

which implies

   (3.4)

Since

                                          ,

from (3.2), (3.3) and (3.4), the proof of theorem is completed.
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4. RATE OF CONVERGENCE

In this part, we give the rate of convergence of the operators  by 
means of the weighted modulus of smoothness.

The weighted modulus of smoothness for the functions  
is defined as

 

for . It is clear that for each .  is well defined 
and satisfies the following properties (see (Lopez&Moreno, 2004)):

 

 

, 

 

Now, we can give the following theorem:

Theorem 2. Let  be a sequence satisfying the conditions given 

in (3.1). If f is a function in , then we have

 

where  for  and also 

, which is given as in (2.15).

Proof. Let  and . From definition of  and 
its properties, we can write
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From the linearity and posivity of the operators  and using Cauchy-
Schwarz inequality, we obtain

 

 

. 

Finally, choosing , the proof is completed.
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A NOTE ON THE FUNDAMENTAL GROUPOID AS A 
VECTOR SPACE-GROUPOID

Hürmet Fulya AKIZ1

ABSTRACT

In this paper, we prove that the fundamental groupoid V1π  is a vector-space 
groupoid.

Keywords: groupoid, fundamental groupoid, vector space

INTRODUCTION

A groupoid is a small category in which each morphism is an 
isomorphism[1]. The notion of group-groupoid was defined by R. Brown 
and Spencer in [3]. A group-groupoid is a group object in the category of 
groupoids [3].

Let X be a topological space which has a simply connected cover, then 

the fundamental groupoid X1π  becomes a groupoid[1]. The topological 
version and properties of the fundamental groupoid was given in [5, 6]. 

Further if X is a topological group, then the fundamental groupoid X1π  
becomes a group-groupoid. 

In 2011, Poputa and Ivan [10] studied groupoid structure on a vector 
space, then in 2012 they introduced vector groupoids. In 2013 the group-
groupoid was extended to notion of vector space-groupoid by Ivan [9].

 In this paper we show that, if X is a topological vector space, then the 
fundamental groupoid becomes a vector space-groupoid in the sense of [9].

1. Prelimineries
A topological vector space V is a vector space over a topological field K 

that is endowed with a topology such that vector addition VVV →× and 
scalar multiplication VVK →×  are continuous functions.

1    Department of Mathematics, Bozok University Yozgat 66900, TURKE, fulya.
gencel@bozok.edu.tr
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A groupoid is a (small) category in which each morphism is an 
isomorphism [1]. So a groupoid G has a set G of morphisms , which we call 

just elements of G, a set OG  of objects together with maps OGGts →:,  

and GGO →:ε  such that 
OGts 1== εε . The maps s, t are called initial 

and final point maps respectively and the map ε  is called object inclusion. 

If Gba ∈,  and t(a) = s(b), then the composite ab exists such that s(ab) 
= s(a) and t(ab) = t(b). So there exists a partial composition defined by 

abbaGGG st →→× ),(, , where GG st ×  is the pullback of t and s. 

Further, this partial composition is associative, for OGx∈  the element )(xε

denoted by x1  acts as the identity, and each element a has an inverse 1−a  

such that ))((),)((),()(),()( 1111 ataaasaaasatatas εε ==== −−−− . 

The map 1, −→→ aaGG  is called the inversion.

In a groupoid G, for OGyx ∈,  we write G(x, y) for the set of all 
morphisms with initial point x and final point y. We say G is transitive if for 

all OGyx ∈, , the set G(x, y) is not empty. For OGx∈  we denote the star 

{ }xaaGa =∈ )( of x by xG .

Definition 1.1 ([2],[3])A group-groupoid G is a groupoid such that both 

G and OG  have group structures and the following maps are morphisms 
of groupoids:

(i) babaGGGm +→× ),(,: , group additive,

(ii) aaGGu −→ ,: , group inverse map,

(iii) { } Ge →*: , where { }*  is a singleton groupoid.

We write a+b for the group additive of a and b, and also write ab   for 

the composition in the groupoid G. If e is the identity element of OG , then 

e1  is that of G and the group inverse of an element a is denoted by  a− .

In a group-groupoid G, the interchange law

)()()()( cadbcdab ++=+ 

is satisfied whenever both ab   and cd   are defined.

A vector space-groupoid is given in [9] by the following definition:
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Definition 1.2 A vector space-groupoid is a groupoid ),( OVV  such that 
the following conditions hold:

(i) ),,( ϕ+V and ),,( OOV ϕ+  are vector spaces;

(ii) ),,,,,,,( OVimV +εβα is a commutative group-groupoid;

(iii) The pair ),(),(:),( OOO VVVKVK →××ϕϕ  is a groupoid 
morphism.

We denote such a vector space-groupoid by ),( OVV .

2. Fundamental groupoid

Given a topological space X, let X be the set of objects OG . The 
morphisms from the point x to the point y are equivalence classes of 
continuous paths from x to y, with two paths being equivalent if they are 
homotopic. Two such morphisms are composed by first following the first 
path, then the second; so this composition is associative. This

groupoid is called the fundamental groupoid of X, denoted by X1π . 
The particular definition of the fundamental groupoid is given by [1].

Proposition 2.1 If V is a topological vector space whose underlying 

space has a simply connected cover, then the fundamental groupoid V1π  
is a vector space.

Proof: Since V is a topological vector space, then we have the vector 
addition

babaVVV +→× ),(,
and scalar multiplication

raarVVK ),(,→×

are continuous. So we have the induced vector addition

[ ] [ ] [ ] [ ] [ ]bababaVVV +=+→×+ ~),(,:~
111 πππ

and scalar multiplication

[ ] [ ] [ ]raararVVK =→× ),(,11 ππ .
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It is easy to show that )~,( 1 +Vπ  is a group. Since

[ ] [ ] [ ]
[ ]
[ ] [ ]ab

ab
baba

+=
+=
+=+

~

~

then )~,( 1 +Vπ is also commutative.

(i) If [ ] Va 1π∈  and Kr ∈ , then [ ] [ ] Vraar 1π∈= .

(ii) If [ ] [ ] Vba 1, π∈  and Kr ∈ , then

[rb]~[ra] 
rb]  [ra 
b)]  [r(a 
b]  r[a  [b])~r([a]

+=
+=
+=
+=+

 (ii) If [ ] Va 1π∈ and Ksr ∈, , then

sa][~[ra] 
sa]  [ra 
s)a] [(r   s)[a] (r 

+=
+=
+=+

(iv) If [ ] Va 1π∈ and Ksr ∈, , then

rs[a] 
[(rs)a] 
[r(sa)] 
r[sa]  r(s[a])

=
=
=
=

 (v) For every element [ ] Va 1π∈ , [a].  [ea]  e[a] ==

So ),~,( 1 ϕπ +V  is a vector space. 

Proposition 2.2 If V is a topological vector space whose underlying 

space has a simply connected cover. Then the fundamental groupoid V1π
is a group groupoid.
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Proof: Since (V,+) is a topological group, then by [3] V1π  is a group-
groupoid. It is easy to see that the interchange law is satisfied:

[ ] [ ] [ ] [ ] [ ] [ ]cadbcdab ++=+  )(~)( .

Proposition 2.3 If X is a topological vector space, then for all Vba ∈,  

and Ksr ∈, ,

[ ] [ ] ),()),(),,((),,(),(:),( 11 sbrabsarVVVKVKO ππϕϕ →××

is a groupoid morphisms.

Proof: The proof is straightforward. 

Now we give our main theorem.

Theorem 2.4 If V is a topological vector space whose underlying space 

V has a simply connected cover, then the fundamental groupoid V1π is a 
vector space-groupoid.
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COMPOSITIONAL CORRELATION FOR DETECTING REAL 
ASSOCIATIONS AMONG TIME SERIES

Fatih DIKBAS1

ABSTRACT

Correlation remains to be one of the most widely used statistical tools for 
assessing the strength of relationships between data series. This paper presents a 
novel compositional correlation method for detecting both linear and nonlinear 
relationships by considering the averages of all parts of all possible compositions 
of the compared data series instead of considering the averages of the whole 
series. The approach enables cumulative contribution of all local associations 
to the resulting correlation value. The method is applied on a set of four simple 
nonlinear polynomial functions. The obtained results show that the introduced 
compositional correlation method successfully determines real direct and inverse 
linear, nonlinear and monotonic relationships. 

Keywords: Compositional Correlation, Compositional Variance, 
Compositional Covariance, Combinatorics, Golden Ratio

1. INTRODUCTION

Pearson’s correlation coefficient (Pearson 1895) (simply called 
correlation) might still be the most widely used statistical measure for 
assessing relationships between data series. Nevertheless, there are many 
warnings in literature about its improper use: Correlation is misleading 
(Bland and Altman 1986); good correlation does not automatically imply 
good agreement (Lobbes and Nelemans 2013); risk of producing spurious 
correlations when analyzing non-independent variables is very large (Brett 
2004, Duan et al. 2014). 

Four problems need to be addressed if the Pearson’s correlation 
coefficient is used to characterize the dependence between two time series 
(Pasanen and Holmström 2016): 

— if both time series contain a temporal trend, they might be deemed 
correlated even though they are not related in any way;

1    Civil Engineering Department, Pamukkale University, Denizli, Turkey
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— correlation might change in time, in which case the Pearson’s 
correlation coefficient only reflects average correlation over the length of 
the time series;

— such a time window-related concept of scale causes a situation 
where the data sets contain different correlation structures when viewed in 
different time horizons;

— difficulty of making valid statistical inference about the correlation.

The occasionally misleading and insufficient results of Pearson’s 
correlation cause the subsequent investigations like cluster analysis to 
become partially obsolete, deficient and unreliable. The unintended and 
generally unnoticed misleading results of Pearson’s correlation are caused 
by the approach used in the calculation of the correlation itself where the 
averages of the whole series are used for assessing relationship. In fact, 
the average value of a data series is a single value which does not reflect 
the variations within the data series while the variations might have great 
importance in the determination of associations which generally vary 
through the time course of the compared data series. 

The idea behind the presented compositional correlation method is that 
the global dependence structure is better described by a combination of all 
local measures of dependence computed in different regions composing 
the whole series than a single-number measure of dependence. The 
method is based on the foundations of the two-dimensional correlation 
method developed by the author for assessing the degree and direction 
of relationships between matrices (Dikbas 2017b, Dikbas 2018). The two-
dimensional correlation method calculates the horizontal correlation 
by considering the averages of all rows and the vertical correlation by 
considering the averages of all columns in the compared matrices instead 
of the overall averages of the matrices. 

The need for developing these methods were realized when it was noticed 
that, in some cases, the Pearson’s correlation value decreased even though 
the estimations became closer to the observations in the hydrological 
estimation studies (Dikbas 2016a, Dikbas 2016b, Dikbas 2017a). It was 
understood that the problems with the Pearson’s correlation was caused 
by taking the average of the whole series. With a similar approach used in 
the two-dimensional correlation method, the calculation of compositional 
correlation considers the averages of all parts of all possible compositions 
of the data series instead of considering the averages of the whole series. 
The process is based on compositional variance which reflects the variation 
of the spread of the values in the series from the local means. The approach 
enables determination of variation dependent compositional correlations 
between two data series and consequently provides valuable information 
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for assessing new relationships some of which are impossible to be detected 
when widely used correlation approaches are applied.

2. METHODS

2.1.  Influence of sample size on Pearson’s correlation
One of the most important factors that influence the value of Pearson’s 

correlation coefficient (r) is the size (n) of the sample data. Both of the 
compared data series should have at least two elements to be able to calculate 
correlation (n ≥ 2). There are six types of possible relationships when both 
of the series have two elements: When n = 2, the correlation value can either 
be 1 (when both series are increasing or decreasing together), -1 (when one 
series is increasing and the other series is decreasing) or undefined (when 
one series is increasing or decreasing and the other is constant or both are 
constant) regardless of the values in the series (Figure 1). All data series 
pairs for which a correlation can be calculated are a combination of the six 
relationship types in Figure 1. The value of correlation is directly related 
with the composition structure of the six types in the figure. Pearson’s 
correlation perfectly determines the relationships when n = 2 but the 
problems associated with it start when n > 2.

Figure 1 Correlations between all possible relationships between two data series 
having two values.

The presented compositional correlation approach enables detection of 
relationships among time series by considering the cumulative influence 
of all possible sample compositions for the compared series. If there is no 
composition producing high correlations for the compared parts, then the 
compositional correlation will not be high showing that the association 
between the compared series is definitely weak. 

2.2.  Calculation of compositional correlation
A composition of an integer n is a vector in which the components are 

positive integers that sum to n. Each component of a composition is called a 
part of the composition. For instance, the compositions of 3 are [1, 1, 1], [1, 
2], [2, 1] and [3]. Similarly, if a sample data series has n (a positive integer) 
elements, we can determine the compositions of the series by dividing it 
into parts. Calculation of compositional correlation requires that each part 
should have at least 2 elements (m ≥ 2). Table 1 shows the compositions for 
2 ≤ n ≤ 10 with parts ≥ 2. The numbers in the brackets are the number of 
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elements in each part and the column on the right shows the total number 
of compositions, tn.

Table 1 All possible compositions with parts ≥ 2 for 2 ≤ n ≤ 10
n All possible compositions with parts ≥ 2 tn

2 [2] 1
3 [3] 1
4 [2, 2]; [4] 2
5 [2, 3]; [3, 2]; [5] 3
6 [2, 2, 2]; [2, 4]; [3, 3]; [4, 2]; [6] 5
7 [2, 2, 3]; [2, 3, 2]; [2, 5]; [3, 2, 2]; [3, 4]; [4, 3]; [5, 2]; [7] 8

8
[2, 2, 2, 2]; [2, 2, 4]; [2, 3, 3]; [2, 4, 2]; [2, 6];

[3, 2, 3]; [3, 3, 2]; [3, 5]; [4, 2, 2]; [4, 4]; [5, 3]; [6, 2]; [8]
13

9
[2, 2, 2, 3]; [2, 2, 3, 2]; [2, 2, 5]; [2, 3, 2, 2]; [2, 3, 4]; [2, 4, 3];
[2, 5, 2]; [2, 7]; [3, 2, 2, 2]; [3, 2, 4]; [3, 3, 3]; [3, 4, 2]; [3, 6];

[4, 2, 3]; [4, 3, 2]; [4, 5]; [5, 2, 2]; [5, 4]; [6, 3]; [7, 2]; [9]
21

10

[2, 2, 2, 2, 2]; [2, 2, 2, 4]; [2, 2, 3, 3]; [2, 2, 4, 2]; [2, 2, 6]; 
[2, 3, 2, 3]; [2, 3, 3, 2]; [2, 3, 5]; [2, 4, 2, 2]; [2, 4, 4]; [2, 5, 3]; [2, 6, 

2]; [2, 8]; [3, 2, 2, 3]; [3, 2, 3, 2]; [3, 3, 2, 2]; [3, 2, 5]; 
[3, 3, 4]; [3, 4, 3]; [3, 5, 2]; [3, 7]; [4, 2, 2, 2]; [4, 2, 4]; [4, 3, 3]; [4, 
4, 2]; [4, 6]; [5, 2, 3]; [5, 3, 2]; [5, 5]; [6, 2, 2]; [6, 4]; [7, 3]; [8, 2]; 

[10]

34

The number of possible compositions rapidly increases with n. The 
total numbers of compositions constitute a Fibonacci sequence (tn = Fn-1). 
An interesting feature of Fibonacci numbers which are defined by Fn+1 = 
Fn + Fn-1 is that the rate Fn+1 / Fn rapidly tends to the golden ratio known 

as . (Stakhov 1989). This means that there is 
golden ratio between the total number of compositions for two consecutive 
integers when the minimum number of observations in each part is equal 
to 2 (m = 2). 

2.2.1. Compositional Variance. Before presenting the relationship for 
compositional correlation, compositional variance should be defined as it 
constitutes the base of compositional correlation. 

Variance is the measure of how far the numbers in a set are spread from 
their average. The compositional correlation theory presented in this paper 
is based on the idea that, when the averages of the parts of the compositions 
of a data series are considered, a variable might have different variances 
even though the variable has a single variance value when the average of the 
whole series is considered. In this view, the compositional variance of a time 
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series data is a measure of how far the averages of the parts of a composition 
are spread from the overall average. Consequently, the compositional 
variance becomes a cumulative measure of how far the numbers in the time 
series are spread from their part averages. The following equation defines 
the compositional variance of a scalar time series for any composition with 
k parts:

( )
( )2

,
1 1

ink

i j i
i j

c

A A
Var A

n
= =

−
=
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     (1)

In this equation:

A: A scalar vector; 

n: The number of data in A;

Varc(A): The compositional variance of the vector [A] for the current 
composition; 

k: The number of parts in the current composition for which the 
correlation is being calculated; 

ni: The number of data in part i; 

: The jth data in ith part of vector A; 

: The arithmetic mean of the ith part of vector A;

A compositional variance value of zero indicates that each part of the 
composition has its own identical value. All variances that are non-zero 
will be positive numbers. A large compositional variance indicates that the 
part averages in the set are far from the overall average and from each other, 
while a small compositional variance indicates the opposite.

Accordingly, the compositional standard deviation may be defined as 
the square root of the compositional variance. The compositional standard 
deviation has the same unit with the evaluated data. Because of this 
property, one might prefer compositional standard deviation for evaluating 
dispersions from the average.

2.2.2. Compositional Covariance. Covariance is a linear gauge of 
dependence between variables and provides a measure of the strength of the 
co-variation between variables. Compositional covariance is a measure of 
how changes in the part averages of a time series are associated with changes 
in the part averages of a second time series. If the relationship between the 
part averages is inverse then the compositional covariance will be negative 
and if the relationship is direct then the compositional covariance will be 
positive. Higher covariance values indicate a stronger association. If two 
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variables are independent, their covariance is 0, but, having a covariance of 
0 does not imply the variables are independent. Therefore, if the parts of two 
time series are independent, then the compositional covariance between 
the time series will be 0. The following equation defines the compositional 
covariance between scalar matrices A and B:

( )
( )( ), ,

1 1,

ink

i j i i j i
i j

c

A A B B
Cov A B

n
= =

− −
=
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   (2)

where:

: The jth data in ith part of vector B; 

: The arithmetic mean of the ith part of vector B;

Compositional variance is a special case of the compositional covariance 
when the two time series are identical:

( ) ( ),c cCov A A Var A=      (3)

2.2.3. Compositional Correlation. Covariance is a dimensioned 
measure and it is scale dependent. This causes increase in the covariance 
value when a variable is increased in scale. Correlation is a scaled version 
of covariance that takes values between −1 and 1 and it is dimensionless. 
A correlation of ±1 indicates perfect linear association and 0 indicates no 
linear relationship. 

Based on the above definitions of compositional variance and 
compositional covariance, this paper presents a new correlation approach 
for assessing relationships between time series data, the compositional 
correlation: 

( )
( ) ( )
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c c
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Var A Var B
=      (4)

The following equation can be used for directly calculating the 
compositional correlation:
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For calculating compositional correlation, the averages of each part 
in each composition are considered for a better consideration of the 
contribution of local associations through the observed series. This 
approach is based on the idea that any observation might be more related 
with the average of its neighbors than it is related with the average of the 
whole series. 

The compositional correlations for each possible composition should 
be calculated for making a complete association investigation between two 
time-series. For m = 2, there are 34 compositional correlations when n = 10; 
7778742049 correlations when n = 50 and more than 2 * 1020 correlations 
when n = 100. Generally, when the number of data in the compared series 
increases, the complexity of their relationship also increases. For example, 
when some sections of the series are directly related, some sections might 
have strong inverse relations and it is impossible to determine these types 
of relationships by calculating only one correlation coefficient between 
the whole observations of two variables (Embrechts 2002). A well-known 
example of this is that the correlation between x and y is zero for y = x2 
even though half of the series has a perfect direct relationship while the 
other half has a perfect inverse relationship. A detailed investigation of the 
compositional correlations for this function is given below together with 
the investigations of three other polynomial functions with alternating 
(from direct to inverse and inverse to direct) relationships through the 
investigated range.

The compositional correlation method provides the user, the ability 
to determine direct, indirect, linear and nonlinear relationships between 
two series by considering the contribution of the relationships between 
all possible parts of the compared series. The composition that gives the 
highest and lowest compositional correlations (HCC and LCC) are called 
the best and worst correlated compositions (BCC and WCC). Together 
with the remaining compositional correlations, the HCC and LCC values 
for two data series provide valuable information about the relationships 
between the series because all compositional correlations (including the 
Pearson’s correlation r) vary between HCC and LCC. The compositional 
correlation is equal to the Pearson’s correlation if the number of parts (k) in 
the composition is equal to 1 and for all data series with any length, one of 
the compositional correlations is always equal to the Pearson’s correlation 
(when k = 1). The possible values of the compositional correlations vary 
between -1 (indicating perfect inverse relationship which does not have to 
be linear) and 1 (indicating perfect direct relationship which also does not 
have to be linear).
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The existing correlation-based measures are more sensitive to outliers 
than observations near the average and this oversensitivity to outliers leads 
to a bias toward the extreme events. The presented compositional correlation 
approach has a very important advantage over the traditional correlation 
approaches in that it restricts the influence of outliers to the part where 
they belong and an outlier cannot have influence on the calculation of the 
averages of other periods. Namely, an outlier only influences the average of 
its own part when the compositional correlations are being calculated but 
in the traditional correlation approach, an outlier changes the average of 
the whole series and generally causes a significant change in the correlation 
between the compared series. This influence becomes especially more 
important in the evaluation of shorter series.

3. Compositional correlations for four polynomial functions
Four simple polynomial functions were selected for assessing the 

properties of compositional correlation when the relationship between the 
functions and x are not linear. The selected polynomial functions are as 
follows:

( ) 2f x x=        (6)
( ) 3f x x x= −       (7)
( ) 4 210 9f x x x= − +      (8)
( ) 3 2 2 4f x x x x= + + +      (9)

The first three functions have both increasing and decreasing sections. 
The increasing sections have direct relationship with x and the decreasing 
sections are inversely related with x. This alternating relationship is 
impossible to be detected by calculating a single correlation value for the 
selected ranges. The first and the third functions are symmetric across the 
vertical axis and the second function is symmetric across the origin. The 
fourth function is a monotonically increasing nonlinear function. Figure 
2 shows the curves of the polynomials within the investigated ranges. The 
points on the curves are obtained by dividing the horizontal ranges into 30 
equal parts.
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Figure 2 The curves of the selected four polynomials.

For all polynomials, the investigated ranges are divided into 20 and 
30 curve pieces and compositional correlations with x are separately 
calculated. When the curves are divided into 20 parts (n = 21), 6765 (the 20th 
Fibonacci number) compositional correlations are calculated and 832040 
(the 30th Fibonacci number) compositional correlations are calculated 
when the curves are divided into 30 parts (n = 31). The increasing number 
of divisions allows a more precise correlation calculation as shown in the 
obtained results below.

3.1. Results for y = x2

The presented results are for n = 31. The highest compositional 
correlation (HCC) 0.9449 is obtained for the composition [2, 2, 2, 2, 2, 2, 2, 
2, 15] (the BCC) while the lowest compositional correlation (LCC) -0.9449 
is obtained for the composition [15, 2, 2, 2, 2, 2, 2, 2, 2] (the WCC). This is 
an expected result because the compositional correlation approach exactly 
determines the directly and inversely related portions of the functions by 
considering the contribution of the parts of each composition to the overall 
compositional correlation value. In the case of y = x2, all points on the left 
of the vertical axis are inversely related with x and therefore they have a 
negative contribution. Similarly the points on the right of the y axis have 
a positive contribution to the values of the compositional correlations. 
Nevertheless, the Pearson’s correlation never considers the inversely and 
directly related portions and produces a zero correlation value for this 
function which is caused by the equally distributed inversely and directly 
related curve sections. 
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Figure 3 The results obtained for y = x2 when n = 31 and m = 2.
Figure 3 summarizes the results obtained for y = x2 when the investigated 

range is divided into 30 parts. Each subfigure contains 832040 points. 
The first two subfigures are the compositional variance clouds for y and 
x respectively and show the variation of compositional variance with 
compositional correlation. The uppermost points in the variance clouds 
represent the values obtained when the average of the whole series is used in 
the calculation of compositional correlation which is equal to the Pearson’s 
correlation (k = 1, m = 2). As the figures indicate, the compositional 
variance is maximum when the average of the whole series is used 
because the total distance between the curve and the horizontal average 
line becomes maximum. When the curve is divided into subgroups then 
the compositional variances are lower. The variance clouds are symmetric 
because half of the curve is inversely related with x and the other half is 
directly related. 

Figure 3 also presents the covariance clouds where the variation of 
compositional covariance values with compositional variances of x and y 
are shown. Half of the covariance values are negative and the other half are 
positive because of the perfect symmetry of the function. The last subfigure 
shows the variation of compositional covariances with the compositional 
correlations and the point at the origin is the Pearson’s correlation value 
which is zero. The symmetry with respect to the origin points out the 
symmetry of the function y = x2. Figure 4 shows the obtained results when 
n = 21.
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Figure 4 The results obtained for y = x2 when n = 21 and m = 2.
As a result, these findings point out that the compositional correlation 

method is capable of determining the inversely and directly related portions 
of the examined function and provides a quantitative measure of the degree 
of association. For the case of y = x2, the HCC and LCC values are close 
to the extreme values (+1 and -1) and shows that half of the function is 
inversely and the other half is directly related with x. The HCC and LCC 
values will be closer to the extreme values when n is increased. For this 
simple function, it is easy to see this result without making any calculations 
but the following examples show that the presented approach is also 
successful when the relationships cannot be determined manually. 

3.2. Results for y = x3 – x
Figure 5 summarizes the results obtained for y = x3 – x. For this function 

the majority of the compositional correlations have a positive value because 
the length of the increasing curve is higher than the length of the decreasing 
curve (the directly related portion is longer than the inversely related 
portion as shown in Figure 2). The variance and covariance clouds are not 
symmetric across the vertical axis. The HCC value (0.9397) is obtained 
for the composition [8, 2, 2, 2, 2, 2, 2, 2, 9] (the BCC) and the LCC value 
(-0.8341) is obtained for the composition [2, 2, 2, 2, 15, 2, 2, 2, 2] (the WCC). 
The determined BCC and WCC compositions exactly indicate the directly 
and inversely related regions of the function. Most of the covariance cloud 
is in the positive region. The Pearson’s correlation between the function y 
and x is 0.4210 and does not provide any information about the structure 
of association. 
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Figure 5 The results obtained for y = x3 – x when n = 31 and m = 2.

3.3. Results for y = x4 – 10x2 + 9
The results obtained for the function x4 – 10x2 + 9 are summarized in 

Figure 6. The variance and covariance clouds are symmetric as expected. 
The Pearson’s correlation for this function is also zero as was the case for y 
= x2 and it is very far from representing the relationship between y and x (a 
zero correlation is claimed to be an indicator of non-associatedness). For 
this function, the HCC (0.7944) is obtained for the composition [2, 2, 14, 2, 
2, 2, 5, 2] (the BCC) and the LCC (-0.7944) is obtained for the composition 
[2, 5, 2, 2, 2, 14, 2, 2]. The compositional correlations for this function is in 
a narrower range then it was for the function y = x2.
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Figure 6 The results obtained for y = x4 – 10x2 + 9 when n = 31 and m = 2.

3.4. Results for y = x3 + x2 + 2x + 4
The curve of y = x3 + x2 + 2x + 4 is closer to linearity when compared 

with the above three polynomial functions. The results shown in Figure 
7 also validate this situation. The compositional covariance clouds 
generated by comparing with the compositional variances do not spread 
out from linearity as it was the case for the above functions. In fact, all 
the compositional covariance values lie on a straight line when both the 
compared functions are linear and all compositional correlation values 
become equal to 1 (the compositional variances also lie on a straight line 
in this case). It must also be noted that, for this function, all compositional 
correlation values range between 0.9753 and 0.6107 showing that all 
compositions of the y function are in direct relationship with x and that 
the relationship is strong all through the investigated range of the function.

Figure 7 The results obtained for y = x3 + x2 + 2x + 4 when n = 31 and m = 2.
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4. THE COMPCORR SOFTWARE
A software named CompCorr is developed in Python for implementing 

the introduced compositional correlation method. The software accepts an 
Excel file containing the data series as input and generates a text file as output 
containing the compositional correlations. The number of compositional 
correlations calculated for each pair varies according to the length of the 
data series and the minimum number of accepted values in each part of 
the compositions. The compositions were determined by using the ruleGen 
function which generates all interpart restricted compositions of n by 
using restriction function sigma (Kelleher 2005). For each composition, 
the compositional correlation is determined by using Equation 1. The 
source code of the CompCorr software is provided in the Appendix. The 
distribution is made under the terms of the GNU General Public License 
version 3, and a copyright notice is provided at the beginning of the code.

5. CONCLUSION
The presented compositional correlation method is capable of 

determining linear, nonlinear, direct and indirect relationships between 
data series and has a great potential of being applied in all areas of science. 
In the light of the findings on various polynomial functions and the gene 
expression data series, it is evident that the method may enable possibilities 
for numerous important discoveries and will contribute to the improvement 
of our understanding of correlation. The implementation of the developed 
method was also made on the expression series of 4381 budding yeast 
(saccharomyces cerevisiae) genes but could not be presented here because 
of space restrictions. The author plans to present those findings in another 
paper.
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APPENDIX
"""

CompCorr: Calculates Compositional Variances, Compositional Covariances 
and Compositional Correlations between two data series of same size.

Copyright (c) 2018 Fatih DIKBAS 

e-mail:f_dikbas@pau.edu.tr

Address:

Pamukkale Universitesi, Insaat Muhendisligi Bolumu,

Kinikli Kampusu, Denizli, Turkey

This program Is free software: you can redistribute it And/Or modify it under 
the terms Of the GNU General Public License As published by the Free Software 
Foundation, either version 3 Of the License, Or (at your option) any later version.
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This program Is distributed In the hope that it will be useful, but WITHOUT 
ANY WARRANTY; without even the implied warranty Of MERCHANTABILITY 
Or FITNESS FOR A PARTICULAR PURPOSE. See the GNU General Public 
License For more details.

To receive a copy Of the GNU General Public License see: <http://www.gnu.
org/licenses/>.

This file is provided as an Appendix of the article titled ‘Compositional 
Correlation for Detecting Real Associations Among Time Series’ which was 
submitted to the international publishing company Gece Kitapligi for possible 
publication.

“””

def ruleGen(n, m, sigma):

    “””

    Generates all interpart restricted compositions of n with first part

    >= m using restriction function sigma. See Kelleher 2006, ‘Encoding

    partitions as ascending compositions’ chapters 3 and 4 for details.

    “””

    a = [0 for i in range(n + 1)]

    k = 1

    a[0] = m - 1

    a[1] = n - m + 1

    while k != 0:

        x = a[k - 1] + 1

        y = a[k] - 1

        k -= 1

        while sigma(x) <= y:

            a[k] = x

            x = sigma(x)

            y -= x

            k += 1

        a[k] = x + y

        yield a[:k + 1]

“””

Read Data File
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“””

import xlrd

import math

file = ‘Input.Data.[x2].n31.m2.xlsx’

wb = xlrd.open_workbook(filename=file)

ws = wb.sheet_by_name(‘Sheet1’)

TextFile = open(“Output.[x2].n31.m2.txt”, “w”)

TextFile.write(“Outputs of y=x2 n=23, m=2\n”)

MaxCorr=-1.0

MinCorr=1.0

HighestCorrelatedComposition = []

LowestCorrelatedComposition = []

DataSeries1 = []

DataSeries2 = []

DataSeriesName1 = ws.cell(0, 0).value

DataSeriesName2 = ws.cell(1, 0).value

for c in range(1, ws.ncols):

    DataSeries1.append(ws.cell(0, c).value)

    

for c in range(1, ws.ncols):

    DataSeries2.append(ws.cell(1, c).value)

from pprint import pprint

pprint(DataSeriesName1)

pprint(DataSeries1)

pprint(DataSeriesName2)

pprint(DataSeries2)

print(“Please wait, correlations are being calculated...”)
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NumberOfData = ws.ncols-1

TextFile.write(str(DataSeriesName1))

TextFile.write(“: “)

TextFile.write(str(DataSeries1))

TextFile.write(“\n”)

TextFile.write(str(DataSeriesName2))

TextFile.write(“: “)

TextFile.write(str(DataSeries2))

TextFile.write(“\n”)

TextFile.write(“\nCorrelation Variance1 Variance2 Covariance Composition”)

for compositions in ruleGen(NumberOfData,2, lambda x: 2):

    ElementNumber = 0

    MeansOfCompositions1 = []

    MeansOfCompositions2 = []

    “print(compositions)”

    “print(len(compositions))”

    “Calculation of means of compositions...”

    for i in compositions:

        Sum1 = 0.0

        Sum2 = 0.0

        for j in range(0, i):

            Sum1 = Sum1 + DataSeries1[ElementNumber]

            Sum2 = Sum2 + DataSeries2[ElementNumber]

            ElementNumber = ElementNumber + 1

        MeansOfCompositions1.append(Sum1/i)

        MeansOfCompositions2.append(Sum2/i)

  

    “Calculation of correlation...” 

    ElementNumber = 0

    TotalMultipliedDifferences = 0.0



ACADEMIC RESEARCHES IN MATHEMATIC AND SCIENCES 45

    TotalDifferenceSquares1 = 0.0

    TotalDifferenceSquares2 = 0.0

    IndexOfi = 0

    for i in compositions:

        for j in range(0, i):

    Difference1 = DataSeries1[ElementNumber]-
MeansOfCompositions1[IndexOfi]

    Difference2 = DataSeries2[ElementNumber]-
MeansOfCompositions2[IndexOfi]

            TotalMultipliedDifferences = TotalMultipliedDifferences + Difference1 
* Difference2

            DifferenceSquare1 = Difference1 * Difference1

            DifferenceSquare2 = Difference2 * Difference2

            TotalDifferenceSquares1 = TotalDifferenceSquares1 + DifferenceSquare1

            TotalDifferenceSquares2 = TotalDifferenceSquares2 + DifferenceSquare2

            ElementNumber = ElementNumber + 1

        IndexOfi = IndexOfi + 1

    Denominator = math.sqrt(TotalDifferenceSquares1*TotalDifferenceSquares2)

    Correlation = TotalMultipliedDifferences / Denominator

    if Correlation > MaxCorr: 

        MaxCorr = Correlation

        HighestCorrelatedComposition = compositions

    if Correlation < MinCorr: 

        MinCorr = Correlation

        LowestCorrelatedComposition = compositions

    “””

    print(“Correlation = “,Correlation)

    “””

    TextFile.write(“\n”)

    “”” Write correlation, Variance1, Variance2, Covariance and the composition 
to the output file:”””

    TextFile.write(“{0:<11.6f} {1:<9.6f} {2:<9.6f} {3:<10.6f} “.format(Correlation, 
TotalDifferenceSquares1, TotalDifferenceSquares2, TotalMultipliedDifferences))

    TextFile.write(str(compositions))
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    “””

    sheet.write(ExcelRow,1,str(compositions))

    ExcelRow = ExcelRow + 1

    

    for j in range(0, len(compositions)):

        sheet.write(ExcelRow,j+1,MeansOfCompositions1[j])

        sheet.write(ExcelRow+1,j+1,MeansOfCompositions2[j])

    ExcelRow = ExcelRow + 3

    “””

print(“Maximum correlation {0:9.6f}”.format(MaxCorr), “is obtained for the 
composition”, HighestCorrelatedComposition)

print(“Minimum correlation {0:9.6f}”.format(MinCorr), “is obtained for the 
composition”, LowestCorrelatedComposition)

print(“Please wait, output file is being saved...”)

TextFile.write(“\n\nMaximum correlation “)

TextFile.write(“{0:9.6f} “.format(MaxCorr))

TextFile.write(“is obtained for the composition “)

TextFile.write(str(HighestCorrelatedComposition))

TextFile.write(“\nMinimum correlation “)

TextFile.write(“{0:9.6f} “.format(MinCorr))

TextFile.write(“is obtained for the composition “)

TextFile.write(str(LowestCorrelatedComposition))

TextFile.close()

print(“Processing complete...”)

…………………

The content of the sample input file “Input.Data.[x2].n31.m2.xlsx”:
-7.3 -6.7 -6.0 -5.3 -4.7 -4.0 -3.3 -2.7 -2.0 -1.3 -0.7 0.0 0.7 1.3 2.0 2.7 3.3 4.0 4.7 5.3 6.0 6.7 7.3 8.0 8.7 9.3 10.0
53.8 44.4 36.0 28.4 21.8 16.0 11.1 7.1 4.0 1.8 0.4 0.0 0.4 1.8 4.0 7.1 11.1 16.0 21.8 28.4 36.0 44.4 53.8 64.0 75.1 87.1 100.0
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MOLECULAR BIOLOGICAL BASIS OF BANNED MARRIAGE 
WITH FOSTER MOTHERS AND SISTERS IN ISLAM

Selcen Çelik UZUNER1 (PhD)

ABSTRACT

Wet-nursing is breastfeeding of an infant by a non-biological mother in case 
of infant’s own mother is not capable of breastfeeding for some reasons. Maternal 
milk is very important for infant’s growth and well-being. In Quran, it is stated 
that foster mothers and foster sisters are accepted as the same with biological 
ones so that they are in the list which includes forbidden relatives to marry for 
the breastfed boys. It is clear that breastfeeding develops an emotional connection 
between a foster mother and a breastfed infant. But this is not the only reason. 
Molecular biology studies showed that breastfeeding transfers genes from foster 
mothers to infants. This study attempts to explain why foster mothers should be 
treated the same as biological ones from the perspective of scientific studies. Thus, 
it is aimed to establish a link between science and religion by explaining the reason 
of this ban clearly stated in the Qur’an by molecular biology.  

Keywords: wet-nursing, gene transfer, DNA, stem cells, Quran

INTRODUCTION

Breastfeeding is essential for newborns. However, biological mothers 
cannot feed their babies due to such lack of milk, post-pregnancy syndrome. 
There is not an exact alternative for human milk as it is importantly 
nutrimental and supportive for the development of infant’s immune system. 
Wet-nursing is an old habit of human for providing external human milk 
to babies. This creates a special and sentimental relationship between 
foster mothers and breastfed babies. For instance, in Turkish culture, foster 
children treat their foster mother as “mother” and vice versa. Similarly, foster 
child and foster mothers’ biological children accept each other as biological 
siblings. In Islamic cultures, this is also important to have identified foster 
mothers; unknown foster mothers are never possibly accepted. This new 
non-genetic relativeness is surely based on Quran’s doctrines. 

1    Karadeniz Technical University, Faculty of Science, Department of Molecular Biology 
and Genetics 61080, Trabzon, Turkey  selcen.celik@ktu.edu.tr +90 462 377 20 32
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1406 years ago, Quran verses were started to send down part by part 
to humankind through the Prophet Muhammad. After many centuries, 
we can discuss the scientific basis of some of Quran dominations such in 
case the prohibition of marriage with foster mother and sisters. A range of 
scientific studies has shown that micro-vesicles carrying genetic material 
are transferred from foster mother to newborn during breastfeeding, and 
these genes are integrated into infants’ own DNA. The present study aims to 
evaluate this from both Quran perspective and scientific facts. 

What Quran says for breastfeeding and wet-nursing?
Breastfeeding for at least two years is highly recommended in Quran:

“Mothers may nurse their infants for two whole years, for those who desire 
to complete the nursing-period. It is the duty of the father to provide for them 
and clothe them in a proper manner. No soul shall be burdened beyond its 
capacity. No mother shall be harmed on account of her child, and no father 
shall be harmed on account of his child. The same duty rests upon the heir. If 
the couple desire weaning, by mutual consent and consultation, they commit 
no error by doing so. You commit no error by hiring nursing mothers, as long 
as you pay them fairly. And be wary of God, and know that God is Seeing of 
what you do (2).” THE HEIFER (al-Baqarah) (2) Verse: 233

 This is interesting because it has been known that some antibodies3 
of baby’s immune system fighting against carbohydrate antigens4 are not 
produced until 2-2.5 years of age (Goldman and Prabhakar 1996). Mother’s 
milk meets this deficit during this period. 

 Wet-nursing is also acceptable in Quran. But attention is required 
for people involved in wet-nursing. Quran clearly lists banned relatives to 
marry. Marrying to biological mothers and sisters is never thought as moral 
in any religious, even by atheists. In Quran, this list additionally includes 
foster mothers and sisters:  

“Forbidden for you are your mothers, your daughters, your sisters, your 
paternal aunts, your maternal aunts, your brother’s daughters, your sister’s 
daughters, your foster-mothers who nursed you, your sisters through nursing, 
your wives’ mothers, and your stepdaughters in your guardianship—born of 
wives you have gone into—but if you have not gone into them, there is no 
blame on you. And the wives of your genetic sons; and marrying two sisters 
simultaneously, except what is past. God is Oft-Forgiving, Most Merciful.” 

2     The Quran Translation from its original language, Arabic, to Modern English by Talal 
İtani. Published by ClearQuran Dallas – Beirut, 2012.

3    Antibody: The important components of immune system which are specifically 
produced to recognize and target antigens therefore protect body from infections etc. by 
killing these antigens. 

4     Antigen: Foreign components to the organism that develop immune system response.  
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WOMEN (An-Nisa) (4) Verse: 23

 Quran states that foster mothers (and her family) are blessed like 
biological mothers (families): 

“We forbade him breastfeeding at first. So she said, “Shall I tell you about 
a family that can raise him for you, and will look after him?” HISTORY (al-
Qasas) (28) Verse: 12

What scientific findings say for wet-nursing and breastfeeding?

Genetic material in vesicles from mother: 
Maternal milk is very advantageous for newborns as it is composed of a 

range of nutrition components (e.g. fats, proteins, carbohydrates, vitamins) 
and antibodies which protect baby from infections. This is crucial since 
some antibodies do not exist yet in infant as stated above. These components 
from mother are carried to the body of suckling baby by micro-vesicle 
structures in milk popped out from breast (Irmak, Oztas, and Oztas 2012). 
These micro-vesicles have also some genetic material as well as including 
nutrition and immune system components. 

Genetic material of human can be classified into two groups: DNA 
(deoxyribonucleic acid) and RNA (ribonucleic acid). DNA is the genetic 
material that has been thought to be the sole principle of genetic transmission 
by the majority of community. However, RNA is also considered as 
important as DNA since it is the form of DNA’s translation. Genes within 
DNA are translated to a type of RNA (mRNA) following productions of 
specific proteins which play the foremost roles for biological activities. This 
pathway is called as “central dogma” and represents how genes work in 
the body. However there is another pathway that RNA’s code can be also 
translated to DNA.

The vesicles in human milk have been found to contain maternal RNA 
molecules (Das et al. 1976, Redis et al. 2012). These micro-vesicles including 
RNA are formed by cell membrane and dispatched towards infant’s cell. 
Maternal RNA is then reversely translated to DNA by reverse transcriptase 
enzyme, and this little DNA piece called “cDNA” (complementary DNA) is 
sealed to infant’s own DNA (Irmak, Oztas, and Oztas 2012) (Figure). 
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Figure: Molecular Mechanism of maternal genetic material transfer from 
(foster) mother to suckling infant. This figure schematizes the transfer of foster 
mother’s RNA (produced from DNA) to the infant body, and its conversion to 

cDNA followed by integration into infant’s own DNA. 

Stem cells from mother: 
Genetic material cannot be transferred to infant within micro-vesicles 

only but also within stem cells which contain all contributors of central 
dogma, i.e. DNA, RNA and protein. Stem cells are the primordial cells 
that are able to have potentials for differentiation to various cell types so 
that are of interests as they can be used for therapeutic reasons such tissue 
regeneration and elimination of some genetic diseases. There are two main 
types of stem cells: embryonic stem cells and adult stem cells. Adult stem 
cells exist in the body as “backup cells” to be used in case of diseases and 
degeneration. These cells are apparently a priceless gift from God to Human 
for a kind of refreshment and replenishment. 

Human milk also consists of maternal stem cells, called as “human 
breastmilk stem cells (hBSCs)” that is described as a new subgroup of adult 
stem cells. These stem cells are in quiescent stage before pregnancy, but 
they are activated after pregnancy and included in breast milk (Thomas et 
al. 2012). This makes these cells more specific than other stem cells. These 
are transferred to suckling infant during breastfeeding. It is significant since 
these stem cells have a capacity to differentiate to epithelial5, neuronal6 
(Hosseini et al. 2014), hepatic7, pancreatic, osteoblastic8, chondrocytic9 and 

5     Epithelial cells: The cells are present within outside layers of tissues/glands, are 
responsible for cell to cell interactions, protection of organ/tissue etc. 

6     Neuronal cells: Cells function in nervous system.
7     Hepatic cells: Cells exist in liver. 
8     Osteoblastic cells: Cells function in establishing bones. 
9     Chondrocytic cells: Cells function in establishing cartilage. 
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adipocytic10 cells (Hassiotou et al. 2012). This has been also revealed that 
these specific stem cells produce some self-regeneration proteins (Hassiotou 
et al. 2012). These all suggest that human breastmilk is irreplaceably vital as 
it helps to establish baby’s health. 

The exciting finding presents that these maternal stem cells transferred 
to infant do not function in the baby’s body by themselves only, but integrate 
into the baby’s own organs including stomach, liver and thymus (Hassiotou 
et al. 2014). Thymus is a specific organ to infants which is minimized in 
adults since it functions in the establishment of immune system cells of 
newborn.  

 Genetic material can be transferred not only to somatic cells (other 
cells than egg and sperm) but also germ cells (egg and sperm cells). New 
materials transferred to germ cells are therefore inherited to offspring. 
These materials are called “transposable elements” (Muotri et al. 2007). 
On the other hand, pieces of mitochondrial DNA11 are also transferred to 
germ cells (Willett-Brozick et al. 2001). Although it is possible, there is no 
clear evidence that genetic material from breast milk can induce surrogate 
changes in the eggs or sperms of the infant.  

Concluding Remarks

A number of Quran verses apparently indicate scientific cases. Some 
are related to astronomy, geography and physics. Others can be included 
within life sciences including biology, ecology and evolution. The rule in 
Quran that forbids marrying to foster mothers and sisters is reasoned by 
the current knowledge of molecular biology providing evidence of the 
addition of new genetic material by wet-nursing. This is as important as 
classical genetic inheritance so that it also defines sociological norms in 
Islam communities. Many centuries ago, God warned people to avoid from 
unacceptable behaviors. These are not meaningless but for some reasons.     

10     Adipocytic cells: Cells known as “fat cells” functioning in connectivity between 
organs. 

11     Mitochondria: an organelle within a cell including its own DNA molecule. 
Mitochondria works to produce energy required for cells. 
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PRODUCTION, CHARACTERIZATION AND 
ELLIPSOMETRIC STUDY OF ULTRASONICALLY SPRAYED 

CDO FILMS

Olcay GENÇYILMAZ1

          ABSTRACT 

In the present work, CdO films were produced using ultrasonic spray pyrolysis 
technique onto the glass substrate at 300 °C temperatures. The ellipsometric, 
optical, surface and electrical properties of CdO films was reported. The 
ellipsometric parameters were obtained using spectroscopic ellipsomerty 
technique. The experimental and theoretical parameters were fitted using Cauchy–
Urbach dispersion model. Thickness, refractive index and extinction coefficient 
of the films were determined with Cauchy–Urbach dispersion model results. 
Transmittance, absorbance and reflectance spectra were taken by means of UV–
Vis spectrophotometer. The optical band gap values were calculated using the 
reflectance spectra by Kubelka-Munk theory. Also, Urbach energy and steepness 
parameter were determined using optical data. Electrical resistivity values 
determined using four-probe set-up and quality factor of films was calculated 
by Haacke’s figure of merit at the different wavelength. Also, surface images and 
roughness values of the films were taken by atomic force microscopy to see the 
change in the surface properties. The Rpv (peak-valley), Rq (square), Ra (average) 
surface roughness values were measured. Finally, we investigated and discussed all 
these results.

Keywords: CdO, Spray pyrolysis, Spectroscopic ellipsometry, Atomic force 
microscopy, Quality factor, Kubelka-Munk

1. INTRODUCTION

Transparent conducting oxide (TCOs) such as tin oxide (SnO2), zinc 
oxide (ZnO), cadmium oxide (CdO) have attained significant attention 
due to their applications of various technologic areas. TCOs have low 
electrical resistivity, high optical transmittance in the UV-visible and NIR 
region of solar spectrum. These properties make them imperative materials 
for photovoltaic application, gas sensors and window layers of solar cells, 
especially [1-3]. 

1    Doktor Öğretim Üyesi, Çankırı Karatekin University, Çerkeş Vocational School, 
Materials and Material Processing Technologies Department, Çankırı, Turkey, ogencyilmaz@
karatekin.edu.tr
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Recently, many researchers have concentrated on the optoelectronic 
devices which are potential application area of TCOs such as solar cells, 
photo diodes, photo-transistor and gas sensors [5]. Among the other TCOs, 
cadmium oxide (CdO) is one of the most important and suitable materials 
for these application areas. CdO has many attractive properties which are 
II-VI group material, n-type semiconductor with direct band gap (2.2 eV-
2.5 eV), high conductivity, high optical transmittance and high carrier 
mobility [4]. CdO have been used especially solar cells, smart window, 
photo-transistor, heat mirrors and gas sensors due to these applications are 
based on structural, optical and electrical properties of CdO [6]. 

Different physical and chemical production techniques have been 
employed to produce CdO films such as chemical vapor deposition [7], 
vacuum evaporation [8], metal–organic chemical vapour deposition 
(MOCVD) [9], pulse laser deposition [10], DC magnetron sputtering [11, 
14], chemical bath deposition [12], sol-gel [13] and spray pyrolysis [11, 14] 
etc. Of these techniques, the spray pyrolysis technique is simple, economical, 
good reproducibility and capable of producing low temperature and large 
area. The properties CdO films produced from spray pyrolysis depends 
on experimental production parameters such as substrate temperature, 
solution flow rate, spray time, carrier gas, molarity, chemical salts and 
nozzle frequency. These parameters which control crystal structure, surface 
morphology, resistivity, band gap and many more properties of CdO films 
are very important to film production. Therefore, this work presents 
production and ellipsometric, optical, surface and electrical characterization 
of CdO films deposited on glass substrate by spray pyrolysis technique.

2. MATERIAL AND METHOD

2.1. CdO film production

The CdO films were prepared by a simple and economical spray pyrolysis. 
The glass was used as a substrate. The glass substrates were first cleaned by 
soap, then with ethanol and at last rinsed with distilled water by ultrasonic 
bath and subsequently dried before deposition. The substrate temperature 
during the deposition was around 300±5 °C. For CdO films, the initial 
solution was prepared from cadmium acetate [Cd(CH3COO)2.2H2O] at 0.1 
M concentration in deionized water. The spraying solutions were mixed and 
heated at 30 °C for 20 min. with a magnetic mixer to prevent sedimentation 
form homogenous solution. After preparing cadmium acetate precursor 
solution were sprayed preheated glass substrates using air gas. During spray 
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time, substrate temperature control was made with thermo-couple. The 
spray pyrolysis set-up and experimental parameters are explained in detail 
in Figure 1 and Table 1, respectively.

Figure 1. Spray pyrolsis set-up schematic diagram

Table 1. Experimental parameters of CdO films
Material CdO Films

Solution Sources
Cadmium Acetate [Cd(CH3COO)2.2H2O] 
Deionized water

Molarity 0.1 M
Substrate temperature 300±5 °C
Solution amount 100 ml
Spraying rate 5 ml/min
Spraying time 20 min
Nozzle substrate 
separation 30 cm

Ultrasonic oscillator 
frequency 100kHz

Droplet size 20 µm
Carrier gas Air (1bar)

2.2. Characterization techniques
For the optical transmittance measurements, we used a double beam 

Shimadzu-SolidSpec-3700 UV-VISNIR spectrophotometer with in the 
wavelength range 300 to 900 nm. The thicknesses (t) and optic parameters 
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(refractive index (n) and extinction coefficient (k)) of the films were 
determined by PHE-102 spectroscopic ellipsometry (SE) with in the 
wavelength range 1200 to 1600 nm. Electrical resistivity values of CdO 
films were determined using four-point probe set-up. Park System XE-70 
AFM was used to take surface images and surface roughness values. The 
measurements were taken in non-contact mode, ~300 kHz frequency, and 
0.75 Hz scan rate in air at room temperature. A silicon cantilever which has 
a spring constant of 40 N/m was used. All the images were taken from an 
area of 5 × 5 µm2 and also the roughness values were obtained using XEI 
version 1.7.1 software. 

3. RESULTS

Optical transmittance, absorbance and reflectance spectra were used 
to evaluate the band structure and band gap of CdO films. Transmittance 
and absorbance spectra are shown Fig. 1. The transmittance values of films 
are low range according to these films properties. It is well known that the 
transmittance depends on the material characteristics, surface morphology 
and thickness of the film as well. The thicknesses of the films of CdO are 
higher (416 nm), so the lower transmittance of the film is justified. It can 
be noticed from Fig. 2, the absorbance edge is clearly broad and shallow in 
the both absorbance and transmittance spectra.

The optical band gap values were calculated by Kubelka-Munk theory 
using reflectance spectra. The optical band gap values Eg were calculated 
using the following relation [15-16]:

                                  (1)

where t is the thickness of the film, hν is the photon energy, A is 
constant and  is co-called Kubelka-Munk function. 
The band gap Eg values were examined by extrapolating the linear portion 
of  vs. hν curves plotted and found to be about 2.28 eV. The 
plots of  vs. hν of CdO films are shown Fig. 3.
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Figure 2. Transmittance and absorbance spectra of CdO films

Figure 3. Plots of  vs. hν of CdO film and the reflectance spectra of 
the film
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As seen in Fig. 4, the absorption coefficient dependence on photon 
energy in the spectral range of the near-band-edge empirically follows the 
exponential law (Urbach tail), which can be expressed as [17]:

α(hν)= α 0exp(hν⁄Eu)                                                                          (2)                                                              

where α0 is a constant, Eu is Urbach energy which corresponds to the 
width of the band tail and could be determined as the width of the localized 
states. Usually, Eu depends on temperature and structural disorder describes 
the width of the localized states in the band gap region [18]. Fig. 4 shows 
the variation of lnα vs. photon energy for the films.

Figure 4. The variation of lnα vs. photon energy plots of the CdO films.

To obtain the width of Urbach tail, a linear fit was established in the 
linear portions of the curves and the results were listed in   Table 2. Eu 
values change inversely with optical band gap. Also, the Urbach energy 
values give knowledge about local defects which create localized states in 
the band gap region [19]. The steepness parameter, σ= kT/Eu; characterizing 
the broadening of the optical absorption edge due to electron-phonon or 
exciton-phonon interactions [20] was also determined taking T =300 K 
and given in Table 2.
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Table 2. Some optical parameters of CdO films.

Films Eg (eV) Eu (meV) σ∙10-2

CdO 2.28 250 10.2

The some optical parameters such as thickness (t), refractive index 
(n) and extinction coefficient (k) of CdO films were examined using 
spectroscopic ellipsometry technique (SE). Spectroscopic ellipsometry 
is very important for determination of the thin film thickness due to 
it is nondestructive, powerful, accurate and very sensitive to the optical 
parameters, especially semiconductors [21-24]. Also, this technique is an 
optical measurement technique, which measures the change in polarized 
light upon light reflection from the sample. This technique is well known and 
widely adaptable in material science due to high precision, nondestructive 
nature, fast measurement, and ability to measure the optical constants of 
many classes of materials. 

Ellipsometry measures the two values Ψ and ∆ which represent the 
amplitude ratio and phase difference between light waves known as p- 
and s-polarized light waves. These values are related to the ratio of Fresnel 
reflection coefficients, Rp and Rs for the p- and s-polarized light, respectively 
[25]: 

                                                                               (3) 

The measurements were taken at 60° angle of incidence in air at room 
temperature in a wavelength range of 1200–1600 nm. The Ψ and ∆ spectra 
as a function of wavelength for CdO films deposited are shown in Fig. 5. 
Also, thicknesses and model parameters are given in Table 3. 

The measured values were best fitted using Cauchy-Urbach dispersion 
model. A good fit is found between experimental and model data in the 
∆ spectra. However, there are some small deviations on Ψ values between 
model and experimental data. Probably, the reasons for deviations may be 
[26]:

(i) Films produced by USP have not certainly uniform and homogeneous 
surfaces 

(ii) Roughness, grain boundaries and morphology of the films

(iii) Backside reflection of transparent glass substrates

(iv) Backside reflection of grain size 
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Cauchy–Urbach dispersion model, which is suitable for semiconductors, 
was used to fit the experimental data. In the Cauchy–Urbach dispersion 
model, the refractive index n(λ) and the extinction coefficient k(λ) as a 
function of the wavelength are given by,

n(λ)=An+Bn/λ
2+Cn/λ

4                       (4)

k(λ)=Ak exp Bk(E-Eb)                  (5)

where An, Bn, Cn, Ak, and Bk are model parameters [27]. SE parameters of 
CdO films values and model parameters are given in Table 3. 

Fig. 6 shows refractive index (n) and extinction coefficient (k) of the 
CdO films. Fig. 7 demonstrates that the refractive index of the films almost 
remains stable in the same wavelength range. In Fig. 6 noted that the 
extinction coefficient values of CdO films is depend on the chancing the 
wavelength. These values decrease as the wavelength increases.

Table 3. Thickness and model parameters of CdO film

Films t (nm) An Bn (nm) Cn (nm)4 Ak

Bk 

(eV)

CdO 416 1.52 7.110-2 4.4×10-2 0.012 0.72
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Figure 5. SE spectra of CdO films
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Figure 6. Refractive index (n) and extinction coefficient (k) of the CdO films

For the surface morphological investigation of CdO film, atomic force 
microscopy (AFM) was used. Fig. 7 are shown three-dimensional and two- 
dimensional image of the film. From the micrographs, it is seen that the 
films consist of grains with different size and clusters depending on the 
experimental parameters. Also, CdO films have distinguishable grains and 
tight texture with different sizes. However, there are some particulates and 
cracks.  Depending at substrate temperature, the atoms get more energy 
from the substrate and move longer with more diffusion on the surface. So, 
we can see that there were accumulations in some places on the surface. 
These regions become known is white. The other region which is low 
accumulation seems as brownish. The regions of these regions significantly 
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affect the optical properties. Also, the Rpv (peak-valley), Rq (square), Ra 
(average) surface roughness values of CdO films were measured and 
presented in Table 4. The average roughness of films was found to have low 
roughness values.

      

    

Figure 7. AFM images of CdO films

Table 4. The surface roughness values of CdO films

Film Surface Roughness Values

CdO Rpv (nm) Rq (nm) Ra (nm)
510.34 48.48 36.91

One of the most useful techniques is four point probe. The four point 
probe is experimental technique for measuring the electrical properties 
such as electrical resistivity. In this work, we determined electrical resistivity 
of CdO films using four point probe technique.

 The four point probe technique is a simple and suitable tool for resistivity 
measurements. Also, this technique depends on the shape and dimension 
of films. The thickness and surface morphology are important parameters 
in this technique. Fig. 8 shows a schematic diagram of the four-point-probe 
measurement set-up, it is shown that while the current is applied, voltage is 
measured from different probes.

On a slice of finite thickness d, the four-point-probe will introduce 
voltage gradients perpendicular to the surface. In so far as these gradients 
are negligible, the slice can be treated in the same way as an infinitely thin 
slice and the proper sheet resistivity can be obtained. For a four point probe 
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on an infinite sheet of finite thickness the following relation holds [28]:

                                  (6)

where Rsh; sheet resistance, t; film thickness, L; probe spacing,   F(t/L); 
correction factor. 

The electrical resistivity of CdO films was found to be 1.22×10-4  Ω cm 
for our films. The results of other studies in the literature on CdO resistivity 
have also been given in Table 5. It is clearly seen that the resistivity value of 
our produced CdO films was appropriate as compare to the other studies.

Figure 8. A schematic diagram of the four-point-probe measurement set-up

Films Resistivity (Ω cm) Deposition Technique Reference

CdO

1.22×10-4 Spray Pyrolysis Present work
9.32×10-4 Spray Pyrolysis [1]
1.93×10-4 Spray Pyrolysis [2]
4.48×10-4 Spray Pyrolysis [3]
5.6×10-4 Vacuum Evaporation [4]
3.8×10-2 Sol-Gel [5]

4.68×10-4 Physical Vapour 
Deposition [6]

Table 5. Comparison of electrical resistivity of CdO films deposited by different 
techniques.

The other parameter for transparent conducting oxide (TCOs) films is 
a figure of merit (FOM). FOM plays an important role in the applicability 
of the TCO materials for opto-electronic application area [29, 30]. So, 
we calculated the φ (FOM) values of produced CdO films using Haake’s 
equation in the present work. Haake’s formula is expressed as [29]:
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                                                                                  (7)

where Rsh and T are the sheet resistance and the transmission at a certain 
wavelength, respectively. The calculated   values for different wavelengths 
(600 nm, 700 nm, 800 nm and 900 nm) are presented in Table 6. The 
maximum φ (FOM) value of CdO films is obtained as 2.38×10-4 Ω-1. Fig. 
9 shows Haacke’s figure of merit of CdO films. It can be observed that φ 
(FOM) values changes at the different wavelength. The figure of merit value 
of CdO films increases with the increasing wavelength. These results are 
consistent with the literature [3, 31, 32].

Table 6. The conductivity and figure of merit values of CdO films
CdO Films

φ (FOM) (Ω-1)

600 nm 700 nm 800 nm 900 nm
Average

(600-900 nm)
3.65×10-8 7.1610-6 4.26×10-5 2.38×10-4 7.1910-5

Figure 9. Haacke’s figure of merit of CdO films
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4. CONCLUSION

In this work, the ellipsometric, optical, electrical and surface properties of 
CdO films produced on glass substrate by spray pyrolysis were investigated. 
The optical properties were determined by spectroscopic ellipsometry and 
UV–Vis spectrophotometer. The thickness, refractive index, and extinction 
coefficient values were obtained by fitting the experimental spectroscopic 
data (∆ graphic) using Cauchy–Urbach model. The optical measurements 
show that films have low transparency and refractive index. The optical band 
gap value was calculated by Kubelka-Munk theory using reflectance spectra 
of CdO films and is obtained to be 2.28 eV. AFM measurements revealed 
that CdO films which are produced have low roughness values and surface 
morphologies were distinguish, uniform, granular and   homogeneous. 
From the electrical properties, high conductivity (8.19×103 Ω-1 cm-1) and 
average figure of merit   (7.19×10-5 Ω-1) values were determined for CdO 
films. Our study can propose varied perspectives in other researchers 
which focus on the different application areas of CdO films.
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