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Scheme 1

Some Examples for Iron Phthalocyanines as Catalysts 

Oxidation reactions 

Oxidation of cyclohexane 
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Scheme 1

Some Examples for Iron Phthalocyanines as Catalysts 

Oxidation reactions 

Oxidation of cyclohexane 

Figure 1.

Electrooxidation reactions 

FePc (Aguirre, Isaacs, Armijo, Basáez, & Zagal, 2002

Figure 2.

FePc

(MeO)8FePc

Cl16FePc
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(SO3)4FePc

(COO)4FePc

Oxidative cyanation of tertiary amines 

products were α

Figure 3.

Catalytic oxidation in the presence of a phthalocyanine 
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Primary or secondary benzylic alcohols’ oxidation  

µ

Oxidation of alkyl substituted phenols 

of µ

Methane oxidation 

•+

Oxidation of methane with N-bridged FePc 
hydrogen peroxide in water medium and a µ

Catalytic Aerobic Oxidation of Arylhydrazides 
et al. 
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Aerobic alcohol oxidation 
 

Oxidation of cyclohexene with Co(II)- and Fe(II)-based phthalo-
cyanines 

(Saka & Bıyıklıoğlu, 2013
Oxygen reduction reaction (orr) 

Influence of alpha- or beta-phases on orr 

ture while the second wave was related to the monomeric FePc’s oxygen ad-
(Baranton, Coutanceau, Garnier, & Léger, 2006

Electrocatalytic performance 
et al. 
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Aerobic alcohol oxidation 
 

Oxidation of cyclohexene with Co(II)- and Fe(II)-based phthalo-
cyanines 

(Saka & Bıyıklıoğlu, 2013
Oxygen reduction reaction (orr) 

Influence of alpha- or beta-phases on orr 

ture while the second wave was related to the monomeric FePc’s oxygen ad-
(Baranton, Coutanceau, Garnier, & Léger, 2006

Electrocatalytic performance 
et al. 

& Léger, 2005
Fe/N/C electrocatalysts in the oxygen reduction reaction 

pyrolyzed at 800 °C, in the presence of 

 

Figure 5: 

 
Pt-free FePc on graphene support in oxygen reduction reaction 

hene via π π interactions, the catalyst is able to behave 

In situ Scanning Tunneling Microscopy used in Single-Molecule 
Imaging of Oxygen Reduction Reaction 
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Figure 6. 

Binuclear iron phthalocyanine with high crystallinity 

Uses in Fuel Cells 

Use in Direct Methanol Fuel Cells (DMFC) 
et al. , 

(Baranton, Coutanceau, Léger, Roux, & Capron, 2005
Use of FePc in Microbial Fuel Cells 
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Figure 6. 

Binuclear iron phthalocyanine with high crystallinity 

Uses in Fuel Cells 

Use in Direct Methanol Fuel Cells (DMFC) 
et al. , 

(Baranton, Coutanceau, Léger, Roux, & Capron, 2005
Use of FePc in Microbial Fuel Cells 

Polymer Electrolyte Membrane Fuel Cell Catalysts (PEMFCs) 

Use in the degradation of microbial fuel cell and catalytic oxida-
tion reactor, with FePc as catalyst 

–

Performance in an Alkaline Direct Ethanol Fuel Cell of Oxygen 
Reduction Reaction 

Cid, Monteverde Videla, Ocón, & Specchia, 2018

Uses in organic reactions 

Olefination of aldehydes 
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trans

Hydration and C-H Hydroxylation in Aerobic Medium 
et al. 

Figure 7.

Direct Catalytic Synthesis of Unprotected 2-Amino-1-
Phenylethanols from Alkenes 

Figure 8.

Diarylamines’ Iron-Catalyzed Oxidative C-C and N-N Coupling 
and Synthesis of Spiroacridines 

dative coupling, to yield 2,2’

nic acid, Hün-
ig’s base, acetic acid, etc.). (Fritsche, Theumer, Kataeva, & Knölker, 2017
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Catalytic transfer hydrogenation of simple aldehydes and ke-
tones 

’s performance was moderate to excellent for simple 

Iron-Catalyzed Regioselective Synthesis of 3-Arylindoles 

Synthesis of sulfones from sulfonylhydrazones 

Figure 9. 
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INVESTIGATION OF GAMMA AND 
NEUTRON RADIATION SHIELDING 

PROPERTIES OF VARIOUS (600-601-
625-718) INCONEL ALLOYS

Bünyamin AYGÜN1

INTRODUCTION
With the development of industry and technology use of radiation is increas-

ing in various areas such as nuclear power plant, agriculture, archaeology, geolo-
gy, medicine, space exploration, and many others etc. Ionizing radiation is used in 
these applications which may cause a radiation leak​that harmful to living tissues.​ 
To prevent the ​radiation’s damaging effects good shielding is needed. Especial-
ly in nuclear power plant the high performance shielding material is necessary 
because both radiation level and temperature very high in there [1]. Therefore, 
alloys and stainless steels are necessarily used for both excellent shielding ability 
and high resistance against temperature, corrosion and oxidation in the nuclear 
reactors. Nickel based alloys have always been an important material for many 
industries with high pressures, temperatures and corrosion resistance that it is a 
desired material. Nickel alloys have excellent corrosion and oxidation resistance 
in chemical applications and nuclear reactor of each temperature, (both low and 
high) a material that is can be weldability even in a hardened condition [2,3]. 
Nickel based alloys can be produced by mixing in certain proportions  Fe, Cr, V, 
Mo etc. Materials. According to the contain materials and rates they are Inconel 
alloys 600,601,625 and 628 etc. Named as. Nickel based alloys such as Inconel 
600, 601, 625 and 628  for their high resistance to corrosion and temperature 
and are used for heat tubing in the steam generators, high-temperature appli-
cations in nuclear power plants [4, 5]. To improve the safety of nuclear reactors 
it is necessary to study and determine the absorption and interaction of gamma 
and fast neutron radiation in shield materials. In order to use the Inconel alloys 
in radiation shielding, radiation shielding parameters must be determined. Total 
macroscopic section (cm-1) is an important parameter in the studies of shield-
ing neutron radiation. The mass attenuation coefficient (µ/ρ-cm2/g), effective 
atomic number (Zeef) and electron density are an important basic shielding pa-
rameter used to describe gamma shielding materials design [6]. The effective 
atomic number, which is a very important parameter for many shielding studies 
and this parameter can be used the properties to determine of a shield material 
in terms of equivalent elements. It was calculated effective atomic numbers in 
the different energy region of absorption for W/Cu some alloys and gamma ray 
shielding parameter was determined [7]. Some of the alloys, the total interaction 
cross-sections and effective atomic numbers were determined for especially on 
(Cu/Zn) alloys which have a mass combination (81.621% / 18.379%) ratio [8]. 
Some lead-free tungsten compounds and alloys shielding properties have been 

1    
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2



Innovative Approaches in Science and Mathematics22

determined such as the effective atomic numbers, ZPleff and half value layer, HVL   
for gamma ray. As well as the total macroscopic cross-sections (ΣR) for fast neu-
tron 2 to 12 MeV energy range had been calculated. Tungsten has been found to 
be better at shielding against gamma rays and neutrons compared to lead [9]. In 
this paper, the shielding, radiation ability of Ni-based alloys (Inconel 600, 601, 
625 and 718) have been evaluated. Fast neutron total macroscopic cross section 
values were calculated by Monte Carlo simulation Geant4 code technique and 
experimental absorbed dose rates were measured. Gamma ray mass attenuation 
coefficient and half value layer (HLV) and mean free path values were deter-
mined by WinXcom software.

Theory
The possibility of interaction of the neutrons with a single core of the target 

material is expressed as a microscopic cross section (σ) and barns or cm2 units. 
The total macroscopic cross-section gives the possibility of interacting with all 
the nuclei in the volume of the target material and it is expressed as cm-1. [10].

AN
A

N r
=

                                                                                                                       (1)

Where the N atomic density of the target material, ρ is the density of the target 
material, Na is the Avogadro number, A is the interaction area of target material.  

∑= σN (1/cm)                                                                          		                    (2)
σt = σ_scattering+ σ_capture+σ_fission                          	     	                  (3)
Σ Total= Σ scattering+Σ absorption+ Σ capture+ Σ fission        	                  (4)
When a mono-energetic gamma ray interacts with the substance, there will 

be a decrease in energy according to the Lambert Beer law.

()
0

t
I I e

m
r−

=                                                                              		                    (5)

I0, radiation intensity from source, I, radiation intensity passing through tar-
get material, (cm-1) and (cm2g-1) are the linear and mass attenuation coefficients 
(MACs), r  (g.cm-3) is the density and  t  (cm) is the thickness of the material.

The mean free path (MFP) which of a material of determining the radiation 
shielding ability and it is expressed as the average distance between two succes-
sive interactions of radiation, the mean free path is given by:

1MFP
m

=
                                                                                                   	                    (6)

µ is the mass attenuation coefficients of materials.

The HVL is expressed as the thickness of the shielding material that halves the 
incoming radiation energy and can be calculated as follows:
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ln(2) 0.639HVL
m m

= =
                                              		                                     (7)

MATERIAL AND METHODS

Monte Carlo Simulation Code (GEANT4)
Monte Carlo simulation Geant4 code is a very useful a kit, especially in mod-

ern particle physics for experimental and detector geometry designing and an-
alyzing the data. It is successfully used many of radiation applications such as 
nuclear physics, accelerator science, astrophysics, space engineering, calculation 
of radiation damage, medical physics and industrial applications. The Geant4 
toolkit provides a comprehensive information on nuclear physic applications in 
modelling the results particles interactions of materials. Geant4 gives informa-
tion about the potential damages that may arise during nuclear applications and 
it is simulated eV to TeV energy ranges the event of electromagnetic, hadronic 
particles in the energy range under conditions [11].

Sample Preparation
The used powder form pure elements (Ni, Cr, Fe, C, Mn, Si, S, Cu,  Ni: 99.9 

weight%; Cr, Fe: 99.99 weight%) were obtained commercially. Inconel alloys 
were received exactly the essential elements, but the combined ratios were de-
termined using the Monte Carlo simulation program Geant4 code. The ratios of 
Ni and Cr were kept to a maximum weight in the determination of the ratio of the 
alloying elements in the mass, because these two elements have a high cross-sec-
tion of neutron radiation. Powder metallurgy method was used in the production 
and all Inconel alloy samples were made pelletized by hydraulic press machine at 
600 MPa pressure, which have 10 g weight, 2 cm diameter. The all alloy samples 
were annealed at 1250 0C for 8 hours, then hardened by the rapid cooling pro-
cess. The contents and mass percentages of the produced Inconel alloy samples 
are shown in Table 1.

Table 1. Chemical compositions of the Inconel alloys (%) Sample

Element 600
ρ=8.47 (g/cm3)

601
ρ=8.11 (g/cm3)

625
ρ=8.44 (g/cm3)

718
ρ=8.19 (g/cm3)

316LN
ρ=8.1 (g/cm3)

Ni
Cr
Fe
C
S
Mn
Si
Cu
Al
Mo
Nb+Ta
B
P
Co
Ti

70.35
17
10
0.15
0.015
1
0.5
0.5
-
-
-
-
-
-
-

63
25
8.88
0.10
0.015
0.5
0.5
1
1
-
-
-
-
-
-

63.92
23
5
0.10
0.015
0.5
0.5
-
0.4
1
4.15
-
0.015
1
0.4

55
21
13.42
0.08
-
0.35
0.35
-
0.8
2.8
4.75
0.006
0.015
0.3
1.15

14
18
61.985
0.030
0.030
2
0.75
-
-
3
-
-
0.045
-
-

N - - - - 0.16
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Experimental Design
Fast neutron absorbed dose measurements of the samples were calculated 

using a 241Am-Be neutron source with an average of 4.5 MeV effective neutron 
energy and CANBERRA portative type BF3 gaseous detector. As shown in Figure 
1. Absorption dose measurement system was designed. Samples were placed be-
tween detector and source, each sample was bombarded for 20 minutes. Dose 
rates absorbed by the sample were determined.

 
Figure 1 Neutron absorption dose measurement system

RESULT AND DISCUSSION

NEUTRON SHIELDING PARAMETERS

Total Macroscopic Cross Section
Shielding parameters such as the macroscopic cross section (cm-1), Mean free 

path and transmission values were calculated of Inconel alloys (600,601,625,718) 
for fast neutron by Monte Carlo simulation Geant4 code. When neutrons interact 
with material elastic scattering or inelastic scattering might occur or neutrons 
might be captured by the core of the material. The possibility of making these in-
teractions with the substance of neutrons is expressed by the macroscopic cross 
section (cm-1). Neutrons can be stopped by these interactions with the substance, 
of a material macroscopic cross section gives information about the characteris-
tics of the shielding. The greater the value of the material, the greater the neutron 
stopping force of the material [12-13].

Mean Free Path
The mean free path is defined as the mean path travelled by a neutron be-

tween two collisions determined by the symbol λ. Both the high macroscopic 
cross-section and the very short mean free paths materials have excellent neu-
tron absorption capabilities and  this shielding are usually occur on the surface 
of the material [14-15].
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Transmission
All samples were bombardment with 100000 neutrons and passing neutron 

numbers were determined from samples. Neutron low transmission number is 
showing shielding ability and this it means neutron stopping power of target 
sample is higher.

As shown in Table 2 and Fig.2. The results were compared with 316LN stain-
less steel which, it is used in nuclear applications commonly.  Simulation results 
show that the four Inconel alloy (600A, 601B, 625C, 718D) sample has high Total 
macroscopic cross section values and lower mean free paths which is better than 
316LN stainless steel. 

Table 2 Total macroscopic cross sections, Mean Free Path, Transportation values of 
samples

Sample code Total 
macroscopic
cross section
(cm-1)

Mean Free Path Transmission

316LN 0.3014 4.7642+-2.8831 73511
600A 0.3207 4.7406+-2.8735 72559
601B 0.3157 4.7421+-2.8847 72925
625C 0.3189 4.7558+-2.8929 72689
718D 0.3100 4.7404+-2.8765 73344

316LN 600 A 601B 625C 718D

0,30

0,31

0,32

 

 

To
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Figure 2. Theory 4.5 MeV Neutron Total Macroscopic Cross Section (cm-1)                                                           
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Absorption Dose Measurements
Neutron absorption dose measurements were carried out. Absorbed dose 

values were calculated and he obtained results were compared with paraffin 
and 316LN stainless steel which usually used shielding radiation applications as 
shown in Table 3.

Table 3 Absorbed Dose Rates by Experiments

Sample code Absorbed equivalent dose rates (μSv/h)  

by the samples 

Absorbed dose 
percentage of 
samples (%)

Paraffin 0.5738 40.89
316LN 0.4074 29.03
600 0.5103 36.36
601 0.4758 33.90
625 0.5039 35.91
718 0.4502 32.08

As shown in Table 3 it was observed that the dose of 1.4032 (μSv/h) emit-
ted from the source was absorbed paraffin (40.89%), 316LN (29.03%), Inconel 
600 (36.36%), Inconel 601 (33.90%), Inconel 625 (35.91%) and Inconel 718 
(32.08%) of the dose. According to the results, all Inconel alloy samples show 
good shielding ability,  Thus  Inconel alloys (600,601,625,718)  having excellent 
corrosion, high temperature and oxidation resistance can be used instead of 
316LN stainless steel in nuclear applications.

GAMMA RADIATION SHIELDING PARAMETERS

The Theoretical Mass Attenuation Coefficients (MACs) and Half 
Value Layer (HVL) and Mean free path (cm)
In this study, it has been calculated the gamma radiation shielding parame-

ters of the Inconel alloys (600,601,625,718) in the energy range between 0.015 
and 10 MeV by using WinXcom software. As shown in Fig. 3.4.5 and in Table 4.5.6.   
The obtained result of mass attenuation coefficients (MACs), Half Value Layer 
(HVL) and Mean free path (cm) results were compared with 316LN stainless 
steel.

Table 3 Mass attenuation coefficient (cm2/g) values of samples

Energy  
(MeV)

Mass attenuation coefficient (cm2/g)

600 601 625 718 316LN

0,015 64,567 62,239 18,803 61,284 55,479

0,02 29,261 28,173 10,581 31,434 26,972

0,03 9,372 9,015 3,534 10,216 8,673

0,04 4,167 4,008 1,653 4,575 3,865
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0,05 2,245 2,161 0,948 2,474 2,088

0,06 1,375 1,326 0,623 1,517 1,284

0,08 0,671 0,649 0,471 0,853 0,631

0,1 0,412 0,401 0,317 0,513 0,391

0,15 0,210 0,207 0,186 0,244 0,203

0,2 0,153 0,151 0,144 0,168 0,149

0,3 0,113 0,112 0,112 0,118 0,111

0,4 0,096 0,096 0,097 0,098 0,094

0,5 0,086 0,086 0,087 0,087 0,084

0,6 0,079 0,078 0,080 0,079 0,077

0,8 0,068 0,068 0,069 0,068 0,067

1 0,061 0,061 0,062 0,061 0,060

1,5 0,050 0,050 0,051 0,049 0,049

2 0,043 0,043 0,044 0,043 0,043

3 0,037 0,037 0,036 0,037 0,036

4 0,034 0,034 0,032 0,034 0,033

5 0,032 0,032 0,029 0,032 0,032

6 0,031 0,031 0,027 0,032 0,031

8 0,031 0,031 0,025 0,031 0,030

10 0,031 0,031 0,024 0,031 0,030
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Figure 3. The mass Attenuation Coefficients of the Samples

It is clearly seen that the MACs of the Inconel alloys are higher than the 316LN 
stainless steel in all calculated energies.

Table 4. Half value layer (cm) of the Samples

Half value layer (cm)

Energy  (MeV) 600 601 625 718 316LN

0,015 0,001 0,001 0,004 0,001 0,002

0,02 0,003 0,003 0,008 0,003 0,003

0,03 0,009 0,009 0,023 0,008 0,010

0,04 0,020 0,021 0,050 0,018 0,022

0,05 0,036 0,040 0,087 0,034 0,041

0,06 0,060 0,064 0,132 0,056 0,067

0,08 0,122 0,132 0,174 0,099 0,137

0,1 0,198 0,213 0,259 0,165 0,222

0,15 0,389 0,414 0,442 0,347 0,428

0,2 0,534 0,565 0,569 0,504 0,582

0,3 0,723 0,760 0,733 0,719 0,782

0,4 0,850 0,892 0,849 0,863 0,917
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0,5 0,952 0,998 0,945 0,977 1,026

0,6 1,042 1,092 1,030 1,074 1,122

0,8 1,200 1,256 1,182 1,243 1,291

1 1,341 1,405 1,320 1,393 1,444

1,5 1,647 1,725 1,623 1,714 1,773

2 1,884 1,974 1,879 1,960 2,029

3 2,213 2,321 2,288 2,296 2,389

4 2,414 2,534 2,600 2,498 2,611

5 2,534 2,663 2,840 2,616 2,747

6 2,602 2,738 3,026 2,682 2,826

8 2,650 2,792 3,283 2,722 2,886

10 2,639 2,785 3,438 2,705 2,881

 
Figure 4. Variation of HVL with photon energy in the energy region 0.015 and 10 MeV

The values of the HVL of the samples are presented in the Fig. 4. and Table 4. 
With increasing energy, HVL values of Inconel alloys are increasing and this is a 
result that compatible with 316LN.
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Table 5. Mean free path (cm) of the Samples 

Mean free path (cm)

E n e r g y  
(MeV)

600 601 625 718 316LN

0,015 0,002 0,002 0,006 0,002 0,002

0,02 0,004 0,004 0,011 0,004 0,005

0,03 0,013 0,014 0,034 0,012 0,014

0,04 0,028 0,031 0,072 0,027 0,032

0,05 0,053 0,057 0,125 0,049 0,060

0,06 0,086 0,093 0,190 0,080 0,097

0,08 0,176 0,190 0,251 0,143 0,198

0,1 0,286 0,308 0,374 0,238 0,320

0,15 0,561 0,597 0,637 0,501 0,617

0,2 0,771 0,815 0,820 0,727 0,840

0,3 1,043 1,096 1,058 1,037 1,128

0,4 1,227 1,287 1,225 1,246 1,323

0,5 1,374 1,440 1,363 1,409 1,481

0,6 1,503 1,575 1,486 1,549 1,619

0,8 1,731 1,813 1,705 1,793 1,863

1 1,935 2,027 1,904 2,010 2,083

1,5 2,376 2,488 2,342 2,472 2,557

2 2,719 2,848 2,710 2,827 2,928

3 3,193 3,348 3,301 3,312 3,446

4 3,482 3,656 3,751 3,604 3,766

5 3,656 3,842 4,098 3,775 3,963

6 3,754 3,949 4,366 3,869 4,077

8 3,822 4,028 4,736 3,927 4,164

10 3,808 4,017 4,960 3,903 4,157
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Figure 5. Mean free path (cm) of the Samples

The average free path is the distance a gamma ray travels in the target mate-
rial before it is absorbed. This measured value is small indicates that the material 
has high power to absorb the gamma rays. According to the results of Inconel 
alloy (600, 601, 718) gamma shielding ability better than 316 LN stainless steel 
was determined.

CONCLUSION
In the present work, to improve the safety of nuclear reactors it is necessary 

to study and determine the absorption and interaction of gamma and fast neu-
tron radiation in shield materials.  We were produced, four different type Inc-
onel alloy (600,601,625,718) samples with high nickel content and equivalent 
absorbed dose measurement was carried out, absorbed dose rates were deter-
mined using 4.5 MeV energy Am-Be neutron source. In addition, Monte Carlo 
Simulation Geant4 code and WinXCOM software we have calculated the total 
macroscopic cross section (TMCS), of the Inconel alloys samples theoretically. 
The results were compared with paraffin and 316LN stainless steel. It is found 
that neutron  total macroscopic cross section (TMCS), gamma mass attenuation 
coefficients (MACs) values of Inconel alloy were higher than on 316LN stain-
less steel but lower than paraffin. The calculated mass attenuation coefficients 
(MAC), half value layer (HVL) and   Mean free path (cm) results compared with 
316 LN stainless steel. According to these results, it was determined that  four 
different content Inconel alloy samples could  be used instead of 316LN stainless 
steel for  radiation safety in research laboratory, nuclear reactor, shelters and 
radiation therapy centers.
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Fig. 1.   The schematic and energy level diagrams of Au/4H n-SiC SBDs. 
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Results and Discussion 
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where Cma and Gma are the measured capacitance and conductance 
in strong accumulation region, respectively. The capacitance of insula-
tor oxide layer, Cox is related with Rs and thickness of insulator layer 
and then, it can be expressed as; 
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Fig. 2. The capacitance C (V,f) of Au/4H n-SiC SBDs at verious frequency. 
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Fig. 3. Equivalent parallel conductance G(V,f) of Au/4H n-SiC SBDs at various frequ-

ency. 
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Fig. 4. Rs vs. V  and  Rs vs. log (f) plots of Au /4H n-SiC SBDs. 

 

Fig. 5. Variation of Nss as a function of frequency of Au /4H n-SiC SBDs. 
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Fig. 6. Experimental 1/Cm2 vs. V plots of Au /4H n-SiC SBDs at various frequencies. 
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AN UPPER QUANTITATIVE ESTIMATE  
ON A CIRCULAR ANNALUS  

FOR COMPLEX MODIFIED PHILLIPS OPERATORS  

 

Esma YILDIZ ÖZKAN1 

Introduction 

𝑓𝑓 ∈ 𝐶𝐶[0,1]

𝐵𝐵𝑛𝑛(𝑓𝑓; 𝑥𝑥) = ∑𝑓𝑓 (𝑘𝑘𝑛𝑛) (
𝑛𝑛
𝑘𝑘)

𝑛𝑛

𝑘𝑘=0
𝑥𝑥𝑘𝑘(1 − 𝑥𝑥)𝑛𝑛−𝑘𝑘, 𝑛𝑛 = 1,2, …

f 𝑛𝑛 → ∞
𝑥𝑥 ∈ [0,1]

𝑒𝑒0 𝑒𝑒1
König and Zeller operators 

König&Zeller, 1960), Baskakov operators (Baskakov, 1957) etc. Ob-
𝑒𝑒2

𝑒𝑒0 𝑒𝑒2

𝑃𝑃𝑛𝑛(𝑓𝑓; 𝑥𝑥) = 𝑛𝑛∑𝑠𝑠𝑛𝑛,𝜗𝜗(𝑥𝑥)∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)
∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑛𝑛𝑓𝑓(0),

𝑥𝑥 ∈ [0, +∞)

𝑠𝑠𝑛𝑛,𝜗𝜗(𝑥𝑥) = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑛𝑛𝑛𝑛) (𝑛𝑛𝑛𝑛)
𝜗𝜗

𝜗𝜗!

CHAPTER 
4
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(𝑟𝑟𝑛𝑛(𝑥𝑥))
[0, +∞) 0 < (𝑟𝑟𝑛𝑛(𝑥𝑥)) < 1

𝑃𝑃𝑛𝑛(𝑓𝑓; 𝑟𝑟𝑛𝑛(𝑥𝑥)) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛(𝑥𝑥)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)
∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛(𝑥𝑥)𝑓𝑓(0),

𝑓𝑓 ∈ 𝐶𝐶𝛾𝛾[0, +∞) ≔ {𝑓𝑓 ∈ 𝐶𝐶[0, ∞): 𝑓𝑓(𝑡𝑡) = 𝑂𝑂(𝑡𝑡𝛾𝛾), 𝛾𝛾 > 0} 

‖. ‖𝛾𝛾 𝐶𝐶𝛾𝛾[0, +∞)
‖𝑓𝑓‖𝛾𝛾 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥∈[0,+∞)|𝑓𝑓(𝑡𝑡)|𝑡𝑡−𝛾𝛾

𝑟𝑟𝑛𝑛(𝑥𝑥) 𝑟𝑟𝑛𝑛
∗(𝑥𝑥)

𝑟𝑟𝑛𝑛
∗(𝑥𝑥) = − 1

𝑛𝑛 + √ 1
𝑛𝑛2 + 𝑥𝑥2

𝑃̃𝑃𝑛𝑛(𝑓𝑓; 𝑟𝑟𝑛𝑛
∗(𝑥𝑥)) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛

∗(𝑥𝑥)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)
∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑥𝑥)𝑓𝑓(0),

𝑓𝑓 ∈ 𝐶𝐶𝛾𝛾[0, +∞) 𝑥𝑥 ∈ [0, +∞) 𝑃̃𝑃𝑛𝑛
𝑒𝑒0 𝑒𝑒2

𝑃̃𝑃𝑛𝑛 𝐶𝐶𝐵𝐵[0, +∞)the space of all bounded and continuous functions on [0,+∞), 

Definition of Complex Modified Phillips Operators 
Definition 1.

𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)

∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)𝑓𝑓(0),

𝑓𝑓: 𝐷̅𝐷𝑅𝑅 ∪ (R, +∞) → ℂ 

𝑠𝑠𝑛𝑛,𝜗𝜗(𝑧𝑧) = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑛𝑛𝑛𝑛) (𝑛𝑛𝑛𝑛)𝜗𝜗

𝜗𝜗!



45Esma YILDIZ ÖZKAN

(𝑟𝑟𝑛𝑛(𝑥𝑥))
[0, +∞) 0 < (𝑟𝑟𝑛𝑛(𝑥𝑥)) < 1

𝑃𝑃𝑛𝑛(𝑓𝑓; 𝑟𝑟𝑛𝑛(𝑥𝑥)) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛(𝑥𝑥)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)
∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛(𝑥𝑥)𝑓𝑓(0),

𝑓𝑓 ∈ 𝐶𝐶𝛾𝛾[0, +∞) ≔ {𝑓𝑓 ∈ 𝐶𝐶[0, ∞): 𝑓𝑓(𝑡𝑡) = 𝑂𝑂(𝑡𝑡𝛾𝛾), 𝛾𝛾 > 0} 

‖. ‖𝛾𝛾 𝐶𝐶𝛾𝛾[0, +∞)
‖𝑓𝑓‖𝛾𝛾 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑥𝑥∈[0,+∞)|𝑓𝑓(𝑡𝑡)|𝑡𝑡−𝛾𝛾

𝑟𝑟𝑛𝑛(𝑥𝑥) 𝑟𝑟𝑛𝑛
∗(𝑥𝑥)

𝑟𝑟𝑛𝑛
∗(𝑥𝑥) = − 1

𝑛𝑛 + √ 1
𝑛𝑛2 + 𝑥𝑥2

𝑃̃𝑃𝑛𝑛(𝑓𝑓; 𝑟𝑟𝑛𝑛
∗(𝑥𝑥)) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛

∗(𝑥𝑥)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)
∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑥𝑥)𝑓𝑓(0),

𝑓𝑓 ∈ 𝐶𝐶𝛾𝛾[0, +∞) 𝑥𝑥 ∈ [0, +∞) 𝑃̃𝑃𝑛𝑛
𝑒𝑒0 𝑒𝑒2

𝑃̃𝑃𝑛𝑛 𝐶𝐶𝐵𝐵[0, +∞)the space of all bounded and continuous functions on [0,+∞), 

Definition of Complex Modified Phillips Operators 
Definition 1.

𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) = 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)

∞

0

∞

𝜗𝜗=1
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)𝑓𝑓(0),

𝑓𝑓: 𝐷̅𝐷𝑅𝑅 ∪ (R, +∞) → ℂ 

𝑠𝑠𝑛𝑛,𝜗𝜗(𝑧𝑧) = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑛𝑛𝑛𝑛) (𝑛𝑛𝑛𝑛)𝜗𝜗

𝜗𝜗!

𝑟𝑟𝑛𝑛
∗(𝑧𝑧) = − 1

𝑛𝑛 + √ 1
𝑛𝑛2 + 𝑧𝑧2

Auxilary Results 

Lemma 1. 𝐿̃𝐿𝑛𝑛

𝐿̃𝐿𝑛𝑛(𝑒𝑒0)(𝑧𝑧) = 1
𝐿̃𝐿𝑛𝑛(𝑒𝑒1)(𝑧𝑧) = − 1

𝑛𝑛 + √ 1
𝑛𝑛2 + 𝑧𝑧2

𝐿̃𝐿𝑛𝑛(𝑒𝑒2)(𝑧𝑧) = 𝑧𝑧2

𝐿̃𝐿𝑛𝑛(𝜑𝜑𝑧𝑧)(𝑧𝑧) = −𝑧𝑧 − 1
𝑛𝑛 + √ 1

𝑛𝑛2 + 𝑧𝑧2

𝐿̃𝐿𝑛𝑛(𝜑𝜑𝑧𝑧
2)(𝑧𝑧) = 2𝑧𝑧 (𝑧𝑧 + 1

𝑛𝑛 − √ 1
𝑛𝑛2 + 𝑧𝑧2),

𝑒𝑒𝑖𝑖(𝑡𝑡) = 𝑡𝑡𝑖𝑖 𝑖𝑖 = 0,1,2 𝜑𝜑𝑧𝑧(𝑡𝑡) = 𝑡𝑡 − 𝑧𝑧
𝜑𝜑𝑧𝑧

2(𝑡𝑡) = (𝑡𝑡 − 𝑧𝑧)2

Proof. 𝑥𝑥 𝑧𝑧

Lemma 2. 𝑓𝑓: 𝐷̅𝐷𝑅𝑅 ∪ (R, +∞) → ℂ 𝐷𝐷𝑅𝑅 𝑓𝑓(𝑧𝑧) =
∑ 𝑐𝑐𝑘𝑘𝑧𝑧𝑘𝑘∞

𝑘𝑘=0 𝑧𝑧 ∈ 𝐷𝐷𝑅𝑅 [R, +∞) 𝑧𝑧 ∈ 𝐷𝐷𝑅𝑅

𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) = ∑ 𝑐𝑐𝑘𝑘𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)∞
𝑘𝑘=0

Proof. 𝑚𝑚 ∈ ℕ 𝑟𝑟 < 𝑅𝑅
𝑓𝑓𝑚𝑚(𝑧𝑧) = ∑ 𝑐𝑐𝑗𝑗𝑧𝑧𝑗𝑗𝑚𝑚

𝑗𝑗=0 |𝑧𝑧| ≤ 𝑟𝑟 𝑓𝑓𝑚𝑚(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) 𝑥𝑥 ∈ (𝑟𝑟, +∞)
|𝑓𝑓𝑚𝑚(𝑧𝑧)| ≤ ∑ |𝑐𝑐𝑗𝑗|𝑟𝑟𝑗𝑗 ≔ 𝐶𝐶𝑟𝑟

𝑚𝑚
𝑗𝑗=0 |𝑧𝑧| ≤ 𝑟𝑟

𝑓𝑓 𝑓𝑓 [𝑟𝑟, 𝑅𝑅] [R, +∞)
𝑚𝑚 ∈ ℕ |𝑓𝑓𝑚𝑚(𝑥𝑥)| = |𝑓𝑓(𝑥𝑥)| ≤ 𝐶𝐶𝑟𝑟,𝑅𝑅 𝑥𝑥 ∈ [𝑟𝑟, 𝑅𝑅] |𝑓𝑓𝑚𝑚(𝑥𝑥)| =

|𝑓𝑓(𝑥𝑥)| ≤ 𝐶𝐶𝑅𝑅 𝑥𝑥 ∈ [R, +∞) 𝑚𝑚 ∈ ℕ 𝐶𝐶 > 0 𝐶𝐶 ≥
𝑚𝑚𝑚𝑚𝑚𝑚{𝐶𝐶𝑟𝑟,𝐶𝐶𝑟𝑟,𝑅𝑅, 𝐶𝐶𝑅𝑅} |𝑓𝑓𝑚𝑚(𝑥𝑥)| ≤ 𝐶𝐶 𝑥𝑥 ∈ [0, +∞)

𝑚𝑚, 𝑛𝑛∈ℕ 𝑧𝑧 ∈ 𝐷𝐷𝑅𝑅

|𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧)| ≤ 𝐶𝐶|𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)| (∑
(𝑛𝑛|𝑟𝑟𝑛𝑛

∗(𝑧𝑧)|)𝑗𝑗

𝑗𝑗!

∞

𝑗𝑗=1
𝑛𝑛 ∫ 𝑒𝑒−𝑛𝑛𝑛𝑛 𝑛𝑛𝑗𝑗−1

(𝑗𝑗 − 1)!

∞

0

𝑡𝑡𝑗𝑗−1𝑑𝑑𝑑𝑑 + |𝐶𝐶′|)

𝐶𝐶|𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)|(1 + |𝐶𝐶′|) ∑ (𝑛𝑛|𝑟𝑟𝑛𝑛∗(𝑧𝑧)|)𝑗𝑗

𝑗𝑗!
∞
𝑗𝑗=1 < +∞,

𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧)

𝑓𝑓𝑚𝑚,𝑘𝑘(𝑧𝑧) = 𝑐𝑐𝑘𝑘𝑒𝑒𝑘𝑘(𝑧𝑧) |𝑧𝑧| ≤ 𝑟𝑟 𝑓𝑓𝑚𝑚,𝑘𝑘(𝑥𝑥) = 𝑓𝑓(𝑥𝑥)
𝑚𝑚+1 𝑥𝑥 ∈ (𝑟𝑟, +∞)

𝑓𝑓𝑚𝑚,𝑘𝑘 is bounded on [0,+∞) and that 𝑓𝑓𝑚𝑚(𝑧𝑧) = ∑ 𝑓𝑓𝑚𝑚,𝑘𝑘(𝑧𝑧)𝑚𝑚
𝑘𝑘=0

𝐿̃𝐿𝑛𝑛
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𝑚𝑚

𝑘𝑘=0
𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)

|𝑧𝑧| ≤ 𝑟𝑟

lim
𝑚𝑚→∞

𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧) = 𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧)
𝑛𝑛∈ℕ |𝑧𝑧| ≤ 𝑟𝑟

lim
𝑚𝑚→∞

‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝑟𝑟 = 0

‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝐵𝐵[0,+∞) ≤ ‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝑟𝑟

|𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧) − 𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧)| ≤ |𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)|𝑒𝑒−𝑛𝑛|𝑟𝑟𝑛𝑛∗(𝑧𝑧)|‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝐵𝐵[0,∞)
+|𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)||𝑓𝑓𝑚𝑚(0) − 𝑓𝑓(0)|

|𝑧𝑧| ≤ 𝑟𝑟
‖. ‖𝐵𝐵[0,+∞) 𝐵𝐵[0, +∞)

valued bounded functions on [0,+∞).
Lemma 3. 𝑒𝑒𝑘𝑘(𝑧𝑧) = 𝑧𝑧𝑘𝑘 𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) = 𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)

𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧) = 𝑟𝑟𝑛𝑛
∗(𝑧𝑧)

𝑛𝑛[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘
′ (𝑧𝑧) + 𝑘𝑘 + 𝑛𝑛𝑟𝑟𝑛𝑛

∗(𝑧𝑧)
𝑛𝑛 𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧),

𝑘𝑘 = 1,2, ….
Proof.

𝑠𝑠𝑛𝑛,𝜗𝜗
′ (𝑟𝑟𝑛𝑛

∗(𝑧𝑧)) = [𝑟𝑟𝑛𝑛
∗(𝑧𝑧)]′ {−𝑛𝑛 + 𝜗𝜗

𝑟𝑟𝑛𝑛∗(𝑧𝑧)} 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧))

𝑧𝑧𝑠𝑠𝑛𝑛,𝜗𝜗
′ (𝑧𝑧) = (𝜗𝜗 − 𝑛𝑛𝑛𝑛)𝑠𝑠𝑛𝑛,𝜗𝜗(𝑧𝑧),

𝑟𝑟𝑛𝑛
∗(𝑧𝑧)

[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘
′ (𝑧𝑧) = 𝑛𝑛 ∑ 𝑟𝑟𝑛𝑛

∗(𝑧𝑧)
[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′

∞

𝜗𝜗=1
𝑠𝑠𝑛𝑛,𝜗𝜗

′ (𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)

∞

0

𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑

𝑛𝑛 ∑ {−𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧) + 𝜗𝜗}∞

𝜗𝜗=1 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)∞

0 𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑
𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛

∗(𝑧𝑧))∞
𝜗𝜗=1 ∫ {−𝑛𝑛𝑟𝑟𝑛𝑛

∗(𝑧𝑧) + 1 + 𝜗𝜗 − 1 − 𝑛𝑛𝑛𝑛 + 𝑛𝑛𝑛𝑛}𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)∞
0 𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑

= 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧))

∞

𝜗𝜗=1
∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1

′ (𝑡𝑡)
∞

0

𝑡𝑡𝑘𝑘+1𝑑𝑑𝑑𝑑 + (1 − 𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧))𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) + 𝑛𝑛𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧)

𝑟𝑟𝑛𝑛∗(𝑧𝑧)
[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘

′ (𝑧𝑧) = −(𝑘𝑘 + 𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧))𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) +  𝑛𝑛𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧)
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𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧) = ∑ 𝑐𝑐𝑘𝑘

𝑚𝑚

𝑘𝑘=0
𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)

|𝑧𝑧| ≤ 𝑟𝑟

lim
𝑚𝑚→∞

𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧) = 𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧)
𝑛𝑛∈ℕ |𝑧𝑧| ≤ 𝑟𝑟

lim
𝑚𝑚→∞

‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝑟𝑟 = 0

‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝐵𝐵[0,+∞) ≤ ‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝑟𝑟

|𝐿̃𝐿𝑛𝑛(𝑓𝑓𝑚𝑚)(𝑧𝑧) − 𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧)| ≤ |𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)|𝑒𝑒−𝑛𝑛|𝑟𝑟𝑛𝑛∗(𝑧𝑧)|‖𝑓𝑓𝑚𝑚 − 𝑓𝑓‖𝐵𝐵[0,∞)
+|𝑒𝑒−𝑛𝑛𝑟𝑟𝑛𝑛∗(𝑧𝑧)||𝑓𝑓𝑚𝑚(0) − 𝑓𝑓(0)|

|𝑧𝑧| ≤ 𝑟𝑟
‖. ‖𝐵𝐵[0,+∞) 𝐵𝐵[0, +∞)

valued bounded functions on [0,+∞).
Lemma 3. 𝑒𝑒𝑘𝑘(𝑧𝑧) = 𝑧𝑧𝑘𝑘 𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) = 𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)

𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧) = 𝑟𝑟𝑛𝑛
∗(𝑧𝑧)

𝑛𝑛[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘
′ (𝑧𝑧) + 𝑘𝑘 + 𝑛𝑛𝑟𝑟𝑛𝑛

∗(𝑧𝑧)
𝑛𝑛 𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧),

𝑘𝑘 = 1,2, ….
Proof.

𝑠𝑠𝑛𝑛,𝜗𝜗
′ (𝑟𝑟𝑛𝑛

∗(𝑧𝑧)) = [𝑟𝑟𝑛𝑛
∗(𝑧𝑧)]′ {−𝑛𝑛 + 𝜗𝜗

𝑟𝑟𝑛𝑛∗(𝑧𝑧)} 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧))

𝑧𝑧𝑠𝑠𝑛𝑛,𝜗𝜗
′ (𝑧𝑧) = (𝜗𝜗 − 𝑛𝑛𝑛𝑛)𝑠𝑠𝑛𝑛,𝜗𝜗(𝑧𝑧),

𝑟𝑟𝑛𝑛
∗(𝑧𝑧)

[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘
′ (𝑧𝑧) = 𝑛𝑛 ∑ 𝑟𝑟𝑛𝑛

∗(𝑧𝑧)
[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′

∞

𝜗𝜗=1
𝑠𝑠𝑛𝑛,𝜗𝜗

′ (𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)

∞

0

𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑

𝑛𝑛 ∑ {−𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧) + 𝜗𝜗}∞

𝜗𝜗=1 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧)) ∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)∞

0 𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑
𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛

∗(𝑧𝑧))∞
𝜗𝜗=1 ∫ {−𝑛𝑛𝑟𝑟𝑛𝑛

∗(𝑧𝑧) + 1 + 𝜗𝜗 − 1 − 𝑛𝑛𝑛𝑛 + 𝑛𝑛𝑛𝑛}𝑠𝑠𝑛𝑛,𝜗𝜗−1(𝑡𝑡)∞
0 𝑡𝑡𝑘𝑘𝑑𝑑𝑑𝑑

= 𝑛𝑛 ∑ 𝑠𝑠𝑛𝑛,𝜗𝜗(𝑟𝑟𝑛𝑛
∗(𝑧𝑧))

∞

𝜗𝜗=1
∫ 𝑠𝑠𝑛𝑛,𝜗𝜗−1

′ (𝑡𝑡)
∞

0

𝑡𝑡𝑘𝑘+1𝑑𝑑𝑑𝑑 + (1 − 𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧))𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) + 𝑛𝑛𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧)

𝑟𝑟𝑛𝑛∗(𝑧𝑧)
[𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′ 𝐻𝐻𝑛𝑛,𝑘𝑘

′ (𝑧𝑧) = −(𝑘𝑘 + 𝑛𝑛𝑟𝑟𝑛𝑛
∗(𝑧𝑧))𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) +  𝑛𝑛𝐻𝐻𝑛𝑛,𝑘𝑘+1(𝑧𝑧)

Remark 1.
{𝑧𝑧 ∈ ℂ: 0 < |𝑧𝑧| < 𝑅𝑅} 0 < 𝑅𝑅 < +∞ 1 [𝑟𝑟𝑛𝑛∗(𝑧𝑧)]′⁄ 𝑧𝑧 ≠ 0

𝐷𝐷𝑅𝑅,𝑛𝑛: = {𝑧𝑧 ∈ ℂ:
1
𝑛𝑛 < |𝑧𝑧| < 𝑅𝑅}

0 < 𝑅𝑅 < +∞
𝐴𝐴𝑅𝑅 𝑓𝑓: 𝐷̅𝐷𝑅𝑅 ∪ (R,+∞) → ℂ

[R, +∞) 𝐷𝐷𝑅𝑅 𝑓𝑓(𝑧𝑧) =
∑ 𝑐𝑐𝑘𝑘𝑧𝑧𝑘𝑘∞
𝑘𝑘=0 𝑧𝑧 ∈ 𝐷𝐷𝑅𝑅

Main Result 

 𝐿̃𝐿𝑛𝑛
Theorem 1. 𝑓𝑓 ∈ 𝐴𝐴𝑅𝑅, 1 ≤ 𝑟𝑟 < 𝑅𝑅 < +∞ 𝑀𝑀 >

0 𝐴𝐴 ∈ (1𝑅𝑅 , 1) |𝑐𝑐𝑘𝑘| ≤ 𝑀𝑀
𝐴𝐴𝑘𝑘
(5𝑘𝑘)! 𝑘𝑘 = 0,1, … 1 ≤

𝑟𝑟 < 1
𝐴𝐴 𝑛𝑛0 ∈ ℕ 𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛 𝑛𝑛 ∈ ℕ 𝑛𝑛 > 𝑛𝑛0

|𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) − 𝑓𝑓(𝑧𝑧)| ≤
𝐶𝐶𝑟𝑟,𝐴𝐴
𝑛𝑛

𝐶𝐶𝑟𝑟,𝐴𝐴 =
𝑀𝑀
𝑟𝑟
∑ (𝑟𝑟𝑟𝑟)𝑘𝑘 < +∞∞
𝑘𝑘=2

Proof.

𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) − 𝑧𝑧𝑘𝑘 =
1
𝑛𝑛
(

 −
√ 1𝑛𝑛2 + 𝑧𝑧

2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧

)

 

× [𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1]
′

+ (𝑘𝑘−2𝑛𝑛 + √ 1
𝑛𝑛2 + 𝑧𝑧

2) [𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1]

+ 1
𝑛𝑛 (−

√ 1
𝑛𝑛2+𝑧𝑧

2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧) (𝑘𝑘 − 1)𝑧𝑧

𝑘𝑘−2

+ 1
𝑛𝑛 (𝑘𝑘 − 2)𝑧𝑧

𝑘𝑘−1 + (√ 1
𝑛𝑛2 + 𝑧𝑧

2 − 𝑧𝑧) 𝑧𝑧𝑘𝑘−1

|𝑧𝑧| ≤ 𝑟𝑟

|𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) − 𝑧𝑧𝑘𝑘| ≤
1
𝑛𝑛 |
|−
√ 1𝑛𝑛2 + 𝑧𝑧

2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧|

|

× |[𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1]
′|
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+ |𝑘𝑘−2
𝑛𝑛 + √ 1

𝑛𝑛2 + 𝑧𝑧2| |𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1|

+ 1
𝑛𝑛 |−

√ 1
𝑛𝑛2+𝑧𝑧2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧| (𝑘𝑘 − 1)|𝑧𝑧|𝑘𝑘−2

+ 1
𝑛𝑛 (𝑘𝑘 − 2)|𝑧𝑧|𝑘𝑘−1

+ |√ 1
𝑛𝑛2 + 𝑧𝑧2 − 𝑧𝑧| |𝑧𝑧|𝑘𝑘−1

{√ 1
𝑛𝑛2 + 𝑧𝑧2} z 

 𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛 𝑛𝑛0 ∈ ℕ 𝑛𝑛 > 𝑛𝑛0 𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

|√ 1
𝑛𝑛2 + 𝑧𝑧2 − 𝑧𝑧| ≤ 1

𝑛𝑛
𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

||−
√ 1

𝑛𝑛2 + 𝑧𝑧2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧|| ≤

√ 1
𝑛𝑛2 + |𝑧𝑧|2

𝑛𝑛|𝑧𝑧| + 1
𝑛𝑛2|𝑧𝑧| + |𝑧𝑧|

≤
1
𝑛𝑛+|𝑧𝑧|
𝑛𝑛|𝑧𝑧| + 1

𝑛𝑛2|𝑧𝑧| + |𝑧𝑧|
≤ 3 + 𝑟𝑟

|𝑘𝑘−2
𝑛𝑛 + √ 1

𝑛𝑛2 + 𝑧𝑧2| ≤ 𝑘𝑘−1
𝑛𝑛 + 𝑟𝑟

𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

|𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) − 𝑧𝑧𝑘𝑘| ≤ 1
𝑛𝑛 (3 + 𝑟𝑟)|[𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1]′|

+ (𝑘𝑘−1
𝑛𝑛 + 𝑟𝑟) |𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1|

+ 5(𝑘𝑘−1)𝑟𝑟𝑘𝑘−1

𝑛𝑛
1 ≤ 𝑟𝑟 < 𝑅𝑅 ‖. ‖𝑟𝑟 𝐶𝐶(𝐷̅𝐷𝑟𝑟) 𝐷̅𝐷𝑟𝑟 =

{𝑧𝑧 ∈ ℂ: |𝑧𝑧| ≤ 𝑟𝑟},

|𝑃𝑃𝑘𝑘
′ (𝑧𝑧)| ≤ 𝑘𝑘

𝑟𝑟 ‖𝑃𝑃𝑘𝑘‖𝑟𝑟

|𝑧𝑧| ≤ 𝑟𝑟 𝑃𝑃𝑘𝑘(𝑧𝑧) ≤ 𝑘𝑘

‖𝐻𝐻𝑛𝑛,𝑘𝑘 − 𝑒𝑒𝑘𝑘‖𝑟𝑟 ≤ 1
𝑛𝑛 (3 + 𝑟𝑟) 𝑘𝑘 − 1

𝑟𝑟 ‖𝐻𝐻𝑛𝑛,𝑘𝑘−1 − 𝑒𝑒𝑘𝑘−1‖𝑟𝑟
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+ |𝑘𝑘−2
𝑛𝑛 + √ 1

𝑛𝑛2 + 𝑧𝑧2| |𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1|

+ 1
𝑛𝑛 |−

√ 1
𝑛𝑛2+𝑧𝑧2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧| (𝑘𝑘 − 1)|𝑧𝑧|𝑘𝑘−2

+ 1
𝑛𝑛 (𝑘𝑘 − 2)|𝑧𝑧|𝑘𝑘−1

+ |√ 1
𝑛𝑛2 + 𝑧𝑧2 − 𝑧𝑧| |𝑧𝑧|𝑘𝑘−1

{√ 1
𝑛𝑛2 + 𝑧𝑧2} z 

 𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛 𝑛𝑛0 ∈ ℕ 𝑛𝑛 > 𝑛𝑛0 𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

|√ 1
𝑛𝑛2 + 𝑧𝑧2 − 𝑧𝑧| ≤ 1

𝑛𝑛
𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

||−
√ 1

𝑛𝑛2 + 𝑧𝑧2

𝑛𝑛𝑛𝑛 + 1
𝑛𝑛2𝑧𝑧 + 𝑧𝑧|| ≤

√ 1
𝑛𝑛2 + |𝑧𝑧|2

𝑛𝑛|𝑧𝑧| + 1
𝑛𝑛2|𝑧𝑧| + |𝑧𝑧|

≤
1
𝑛𝑛+|𝑧𝑧|
𝑛𝑛|𝑧𝑧| + 1

𝑛𝑛2|𝑧𝑧| + |𝑧𝑧|
≤ 3 + 𝑟𝑟

|𝑘𝑘−2
𝑛𝑛 + √ 1

𝑛𝑛2 + 𝑧𝑧2| ≤ 𝑘𝑘−1
𝑛𝑛 + 𝑟𝑟

𝑧𝑧 ∈ 𝐷̅𝐷𝑟𝑟,𝑛𝑛

|𝐻𝐻𝑛𝑛,𝑘𝑘(𝑧𝑧) − 𝑧𝑧𝑘𝑘| ≤ 1
𝑛𝑛 (3 + 𝑟𝑟)|[𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1]′|

+ (𝑘𝑘−1
𝑛𝑛 + 𝑟𝑟) |𝐻𝐻𝑛𝑛,𝑘𝑘−1(𝑧𝑧) − 𝑧𝑧𝑘𝑘−1|

+ 5(𝑘𝑘−1)𝑟𝑟𝑘𝑘−1

𝑛𝑛
1 ≤ 𝑟𝑟 < 𝑅𝑅 ‖. ‖𝑟𝑟 𝐶𝐶(𝐷̅𝐷𝑟𝑟) 𝐷̅𝐷𝑟𝑟 =

{𝑧𝑧 ∈ ℂ: |𝑧𝑧| ≤ 𝑟𝑟},

|𝑃𝑃𝑘𝑘
′ (𝑧𝑧)| ≤ 𝑘𝑘

𝑟𝑟 ‖𝑃𝑃𝑘𝑘‖𝑟𝑟

|𝑧𝑧| ≤ 𝑟𝑟 𝑃𝑃𝑘𝑘(𝑧𝑧) ≤ 𝑘𝑘

‖𝐻𝐻𝑛𝑛,𝑘𝑘 − 𝑒𝑒𝑘𝑘‖𝑟𝑟 ≤ 1
𝑛𝑛 (3 + 𝑟𝑟) 𝑘𝑘 − 1

𝑟𝑟 ‖𝐻𝐻𝑛𝑛,𝑘𝑘−1 − 𝑒𝑒𝑘𝑘−1‖𝑟𝑟

+ (𝑘𝑘−1𝑛𝑛 + 𝑟𝑟) ‖𝐻𝐻𝑛𝑛,𝑘𝑘−1 − 𝑒𝑒𝑘𝑘−1‖𝑟𝑟 +
5(𝑘𝑘−1)𝑟𝑟𝑘𝑘−1

𝑛𝑛

‖𝐻𝐻𝑛𝑛,𝑘𝑘 − 𝑒𝑒𝑘𝑘‖𝑟𝑟 ≤ (5(𝑘𝑘−1)𝑛𝑛 + 𝑟𝑟) ‖𝐻𝐻𝑛𝑛,𝑘𝑘−1 − 𝑒𝑒𝑘𝑘−1‖𝑟𝑟 +
5(𝑘𝑘−1)𝑟𝑟𝑘𝑘−1

𝑛𝑛

𝑘𝑘 𝑛𝑛 ≥ 1

‖𝐻𝐻𝑛𝑛,𝑘𝑘 − 𝑒𝑒𝑘𝑘‖𝑟𝑟 ≤
(5𝑘𝑘)!𝑟𝑟𝑘𝑘−1

𝑛𝑛
𝑘𝑘 = 1,2, … 𝑛𝑛 = 1,2…

𝑘𝑘 = 1

‖𝐻𝐻𝑛𝑛,1 − 𝑒𝑒1‖𝑟𝑟 ≤
2
𝑛𝑛 <

5!
𝑛𝑛

𝑘𝑘 = 2

‖𝐻𝐻𝑛𝑛,2 − 𝑒𝑒2‖𝑟𝑟 = 0 < 10! 𝑟𝑟
𝑛𝑛 .

𝑘𝑘

‖𝐻𝐻𝑛𝑛,𝑘𝑘+1 − 𝑒𝑒𝑘𝑘+1‖𝑟𝑟 ≤ [(5𝑘𝑘𝑛𝑛 + 𝑟𝑟)
(5𝑘𝑘)!
𝑛𝑛 + 5𝑘𝑘𝑘𝑘

𝑛𝑛 ] 𝑟𝑟𝑘𝑘−1

≤ [(5𝑘𝑘+1)!𝑟𝑟𝑛𝑛 + 5𝑘𝑘𝑘𝑘
𝑛𝑛 ] 𝑟𝑟𝑘𝑘−1

≤ (5𝑘𝑘+5)!𝑟𝑟𝑘𝑘

𝑛𝑛

𝑓𝑓 𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) 𝐷𝐷𝑅𝑅

𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) = ∑ 𝑐𝑐𝑘𝑘
∞

𝑘𝑘=0
𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧)

𝑧𝑧 ∈ 𝐷𝐷𝑅𝑅, 𝑐𝑐𝑘𝑘
𝑧𝑧 ∈ 𝐷̅𝐷𝑅𝑅,𝑛𝑛

|𝐿̃𝐿𝑛𝑛(𝑓𝑓)(𝑧𝑧) − 𝑓𝑓(𝑧𝑧)| ≤ ∑|𝑐𝑐𝑘𝑘||𝐿̃𝐿𝑛𝑛(𝑒𝑒𝑘𝑘)(𝑧𝑧) − 𝑒𝑒𝑘𝑘(𝑧𝑧)|
∞

𝑘𝑘=1

≤ ∑ 𝑀𝑀 𝐴𝐴𝑘𝑘
(5𝑘𝑘)!

(5𝑘𝑘)!
𝑛𝑛

∞
𝑘𝑘=1 𝑟𝑟𝑘𝑘−1

= 1
𝑛𝑛
𝑀𝑀
𝑟𝑟 ∑ (𝑟𝑟𝑟𝑟)𝑘𝑘∞

𝑘𝑘=1

𝐶𝐶𝑟𝑟,𝐴𝐴 =
𝑀𝑀
𝑟𝑟 ∑ (𝑟𝑟𝑟𝑟)𝑘𝑘 < +∞

∞

𝑘𝑘=2
1 ≤ 𝑟𝑟 < 1

𝐴𝐴

Consequence and an Open Problem 
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INVESTİGATİON OF SİNTERİNG 
TEMPERATURE ON THE STRUCTURAL, 

ELECTRİCAL AND MAGNETİC 
PROPERTİES OF MgB2 SAMPLES

Sait Barış GÜNER1

INTRODUCTION
In 1911, three years after first liquefying helium, Kamerlingh Onnes unex-

pectedly found while investigating the resistivity of mercury at low tempera-
tures that at ~4.2 K the resistivity of his sample suddenly dropped dramatically 
(Onnes, 1911). Further investigation showed that the resistance had actually 
dropped to zero and not just to a very low value. This marked the first observa-
tion of superconductivity in a material which had been cooled to below a certain 
temperature, its transition temperature (Tc). A superconducting material has 
two important properties which make its performance separate from all other 
materials. These properties are both electromagnetic in nature, and a supercon-
ductor’s unique response to electric and magnetic fields is what determines its 
use in various applications such as field trapping and magnetic levitation. With 
the discovery of superconductivity, many scientists focus on this field. Various 
natural elements and simple compounds exhibit superconductivity at extremely 
low temperatures, including lead at Nb3Sn at 18.3 K (Matthias et al., 1954) and 
niobium at 9.2 K (Roberts, 1976). Later, in 1987, Maw-Kuen Wu and Ching-wu 
Chu replaced the lanthanum in LaBCO with yttrium, i.e., synthesising a Y-Ba-Cu-O 
(YBCO) superconductor, which raised Tc to 93 K (Wu et al., 1987). During the late 
1980s and the early 1990s, superconducting materials with even higher Tc than 
YBCO were discovered, such as Bi-Sr-Ca-Cu-O at 108 K (Takagi et al., 1988), Tl-
Ba-Ca-Cu-O at 127 K (Hazen et al., 1988) and Hg-Ba-Ca-Cu-O at 153 K under 30 
GPa (Chu et al., 1993).

The more recent discovery of MgB2 superconductors has broadened further 
the family of superconducting materials. In the 21st century, Prof. J. Akimitsu 
found that MgB2 which is a metallic superconductor has a high critical tempera-
ture of 40 K, for the first time (Buzea & Yamashita, 2001). As a result, several re-
searchers have made up the interest because of its many advantages. One of the 
most important advantages is the cheap price of magnesium and boron powders 
and a simple fabrication process (Ulgen & Belenli, 2017a). Unlike other super-
conductors, MgB2 has a lower anisotropy, larger coherence length, clean grain 
boundaries to current flow, and therefore is a good candidate for practical appli-
cations (Ulgen et al., 2019; Ağıl et al., 2017a).

Furthermore, in place of processing at the temperature of 4.2K with liquid 
helium like Nb3Ge metal based superconductor, the MgB2 which can work liquid 
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hydrogen (20 K) which is cheaper and easier applicable for practical applications 
(Kajikawa et al., 2009; Muralidhar et al.,2015). On the other hand, the bulk MgB2 
magnets are quite similar to those of melt-textured GdBaCuO and more gorgeous 
for trapped field magnets particularly in nuclear magnetic resonance (NMR) and 
magnetic resonance imaging (MRI), fault current limiters, non-contact bearings 
for liquid pumping, and for magnetic shielding screens (Vinod et al., 2007; Perini 
et al. 2009; Ağıl et al., 2017b). All these applications need high critical current 
density and good quality, large-sized bulk materials.

Recent research reports have demonstrated that the sintering parameters 
have a noteworthy inspiration on the structure, electrical and magnetic prop-
erties of MgB2 superconducting material (Ulgen & Belenli, 2017b; Kobayashi et 
al., 2015). Controlling the micro-structural properties by changing the optimum 
processing parameters is found to be effective in enhancing Jc values of MgB2 
(Ulgen & Belenli, 2017c; Yamamoto et al.,2014). 

Recent reports have showed that the magnetic levitation force and trapped 
field studies of MgB2 increase bulk significantly. Several groups have already re-
ported the magnetic levitation measurements of bulk MgB2 materials.  Magnetic 
levitation force abilities of MgB2 bulk superconductors about 17 N/g at around 
16 K was first demonstrated by Yanmaz et al. (Yanmaz et al., 2010).  Savaskan et 
al. was reported high magnetic levitation force value of nearly 18.60 N at 24 K 
for MgB2 malic acid added bulk MgB2 superconductors with a diameter of 18 mm 
(Savaşkan et al., 2014). On the other hand, quite a few researchers have already 
studied the trapped field capatiy of bulk MgB2 materials. High trapped field val-
ues of around 1.5 T at 20 K and 2.3 T at 6 K for MgB2 sample with a diameter of 
28 mm and 11 mm height was showed by Viznichenko et al. (Viznichenko et al., 
2003). The maximum trapped magnetic field of MgB2 bulk was measured around 
5.4 T at 12 K (Fuchs et al., 2013). Subsequently, Yamamoto et al. studied that a 
MgB2 bulk of 20 mm diameter and 5 mm thickness fabricated with a simple sin-
tering technique showed trapped field of around 1.2 T at 20 K (Yamamoto et al., 
2010).

High critical current density (Jc) and good homogeneity are necessary for 
high magnetic trapped field and magnetic levitation force performance. Super-
conducting properties of a bulk material depend on the processing conditions, 
like the synthesis temperature, holding time, annealing atmosphere, additives 
etc. In order to achieve the high trapped field in MgB2, optimization of the syn-
thesis temperature is essential. As a result bulk MgB2 samples of 20 mm diameter 
and 7 mm thickness, sintered at 805 °C for 3h, demonstrated a trapped field of 
1.51 T at T = 20 K (Muralidhar et al., 2013). In this paper, we study the opti-
mization of the sintering temperature to improve the critical current density of 
large bulk MgB2 bulks prepared by a simple solid state reaction method and stud-
ied the X-ray diffraction, scanning electron microscopy (SEM), superconducting 
transition temperature, and magnetic levitation force. One of the most important 
parameters depending on magnetic levitation force is the critical current densi-
ty. To enhance the highest magnetic levitation force capacity of the bulk MgB2 at 
30 K, we fixed the initial ratio of Mg:B to 1:2, holding time was constant for 3 h, 
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annealing atmosphere was pure argon and the synthesis temperature was varied 
for sintering different temperatures of 700, 750, 775, 800 and 850 °C. After the 
optimum sintering temperature of bulk MgB2 was determined, the holding times 
at 775 °C were changed from 1 hour to 5 hours.

MATERIALS AND METHODS
Nano boron (purity 95 %+) and magnesium (purity 98 %+) powders sup-

plied by Pavezyum Company Turkey were used to fabricate the Bulk MgB2 sam-
ples. The powders of Mg metal and amorphous B powder were mixed in a nomi-
nal ratio of Mg: B = 1: 2 with 1.5 g. Different contents of magnesium powder were 
added into each sample and mixed in a glass of bottle for 10 min. The mixture 
was grounded for 20 min using an agate mortar and pressed into a pellet form 
with a diameter of 18 mm under 10 ton pressures. These pellets were placed in 
a chromium tube which is in the center of cylindrical furnace. After that, the tube 
was vacuumed and pellets were annealed at 700, 750, 775, 800 and 850  °C for 3 
h and 775 °C for 1 h. During the thermal process, high purity argon gas was sup-
plied into tube. The heating and cooling rates were used 5 °C/min.

The microstructures of MgB2 bulks were investigated by scanning electron 
microscope (SEM) JEOL JSM 6610 with an accelerating voltage of 20 kV in the 
secondary electron image mode on small specimens cut from the MgB2 samples. 
The phase constituents of samples were analyzed the X-ray diffraction by using a 
Rikagu D/Max III C diffractometer with a step size of 0.02 in the range of 20-70° 
using Cu Kα (λ= 1.5406 Å) target. 

The specimen with dimensions about 1.5 x 1.5 x 1 mm3 were cut from dif-
ferent temperatures sintered MgB2 samples and magnetization versus applied 
magnetic field measurement (M-H) and magnetization versus temperature (M-T) 
was carried out using Quantum Design PPMS-9 T system. Magnetic hysteresises 
(M-H) of the specimens were measured at 30 K, up to the magnetic field of ±9 T 
with a sweep rate of 50 Oe/s. The critical current density, Jc, was calculated from 
the width of magnetization hysteresis loops based on the extended Bean model 
(Bean, 1964).

Vertical levitation force (Fz) versus vertical distance (z) measurement be-
tween the bulk MgB2 samples of thickness 3.20 mm and a diameter of 19.60 mm 
(after thermal process) and the cylindrical NdFeB permanent magnet (18 mm in 
diameter and 10 mm in thickness) with the surface magnetic flux of 0.5 T were 
performed using the Magnetic Levitation Force Measurement System (MLFMS), 
designed by Şükrü Çelik and financially supported by The Scientific and Tech-
nological Research Council of Turkey (TUBITAK). This system contains modular 
parts such as a stainless steel vacuum chamber, close cycle cryostat, high vacu-
um pumping system (rotary pump and turbo molecular pump), precision three 
dimensional movable axes, three axis loadcell, and electronic part and software. 
The vertical magnetic levitation force (Fz) measurements were performed under 
zero field cooling regime (ZFC) in CH 51.5 mm (CH represent the cooling height 
of the sample), while the Fz measurements (in other words, the Fz in field cooling 
regime (FC)) were carried out under FC regime at the temperatures 30 K. The 
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centers of the all samples were located axially over the center of PM before cool-
ing process. Unlike the ZFC regime, for force measurements in FC regime, firstly 
the samples were cooled in CH of 1.5 mm, then the samples were moved away 
vertically to 51.5 mm distance from PM and subsequently returned to the initial 
position of 1.5mm (Çelik, 2015).

RESULTS AND DISCUSSION
Fig. 1 shows the X-ray diffraction patterns of the MgB2 samples fabricated 

sintering process at 700, 750, 775, 800 and 850 °C for 3h. It can be said that 
main phase (101) of the MgB2 matrix can be obtained from the XRD analyses of 
samples sintered for 3 h at 700, 750, 775, 800 and 850 °C. XRD analysis revealed 
that a little amount of MgO impurity decreases. Besides main phase, a signifi-
cant amount of unreacted magnesium and MgB4 phases also observed at 700 °C 
for 3h because of the non-reaction between magnesium and nano-boron at this 
sintering temperature. Further, a lot of Mg is still present as primary phase in 
the Mg+2B samples sintered at lower temperatures around 700 °C, defining the 
MgB2 phase formation at the solid-solid reaction stage (Ma & Liu, 2012).

 
Figure 1. X-ray diffraction patterns of MgB2 samples sintered at 700–850 °C.

Figure 2 indicates the temperature dependence of normalized magnetic mo-
ment of the MgB2 samples fabricated sintering process at 700, 750, 775, 800 and 
850 °C in argon atmosphere. According to the inset of Figure 2, all samples have 
an onset superconducting transition in the range 38.4 K - 39.3 K. The high Tc 
of 39.3 K observed sample sintered at 850 °C. Figure 3 shows the compare of 
different holding times from 1 hour to 5 hours at 775 °C. The onset tempera-
ture increases from 1 h to 3 h while it decreases from 3 h to 5 h (inset; Figure 
3). As observed by Figure 2 and Figure 3, sample sintered at 775 °C for 3h has 



55Sait Barış GÜNER

the sharpest superconducting transition width and one of the highest onset tem-
peratures. The high Tc and the sharp superconducting transition show that MgB2 
samples reveal good crystallinity and homogeneity.  The observed superconduct-
ing transition temperatures are similar to the recently reported bulk MgB2 mate-
rial fabricated with a solid-state reaction method (Naito et al., 2012; Muralidhar 
et al., 2014). These results suggest that superconducting transition temperature 
in the superconducting matrix in bulk MgB2 materials is not so sensitive to sin-
tering time and holding time.

Figure 2. Temperature dependence of normalized magnetic moment for MgB2 samples 
fabricated sintering technique at 700, 750, 775, 800 and 850 °C for 3 h in argon 

atmosphere.
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Figure 3. Temperature dependence of normalized magnetic moment for MgB2 
samples fabricated sintering technique for 1 hour, 3 and 5 hours at 775 °C in 

argon atmosphere.

Figure 4 shows the critical current behavior of the bulk MgB2 material at 30 
K, sintered at 700, 750, 775, 800 and 850 °C for 3 h in argon atmosphere. It was 
remarkable that the critical current density increased with increasing the sin-
tering temperature from 700 °C to 775 °C.  As sintering temperatures increase 
from 775 °C to 850 °C, the critical current density of them decreases significantly. 
Note that the highest critical current density of 69 kA/cm2 and 23 kA/cm2 at 
20 K, in self-field and 1T was recorded for the sample sintered for 3h at 775 °C. 
The critical current density variables obviously show that the low temperature 
synthesis with optimum temperature can be the most promising and effective 
technique to achieve high critical current density in sintered bulk MgB2 material 
(Kobayashi et al., 2015). These variables again obviously reveal that optimum 
sintering temperature is essential to take the high critical current density in bulk 
MgB2 material.



57Sait Barış GÜNER

Figure 4. Applied magnetic field versus critical current densities at T = 30 K 
for MgB2 samples sintered at 700–850 °C in Ar atmosphere.

The vertical levitation force (Fz) of MgB2 sintered at 700, 750, 775, 800 and 
850 °C for 3 h  samples and PM under ZFC and FC regimes at the temperature of 
30 K was shown in Figure 5 and Figure 6, respectively.  When the Fz values under 
ZFC regime compared to FC regime, it can be observed that FC regime can take a 
smaller levitation value but a good stability owing to the trapped flux and this is 
consistent with the literature (Wu et al., 2013; Kurabayashi et al., 2010; Savaskan 
et al., 2015). As can be showed from the inset graphs in Figure 5 and Figure 6, the 
maximum repulsive and attractive force values increase from 6.39 N to 8.23 N 
and the minus value of 2.38 N to 3.01 N, respectively, when sintering temperature 
rises from 700 to 775 °C. It is inferred that the optimum sintering temperature 
for strong maximum levitation force is 775 °C at 30 K. There is a relation with 
the levitation force between a PM and a superconductor is related with the mag-
netic moment of the superconductor and magnetic field gradient of PM, given as 
Fz=m(dH/dz) where m is the magnetic moment of a superconductor and dH/dz 
is the external field gradient obtained by the PM. Total magnetic moment of the 
superconductor is determined as; m = (JcAr)V, where A is a sample geometry 
constant, r is the radius of a shielding current loop and V is the sample volume 
(Ozturk et al., 2017). These relations point out that to perform a higher magnetic 
levitation force value the higher r, Jc and dH/dz are necessary. There is a good 
agreement between the critical current density results and magnetic levitation 
force measurements at 30 K.
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Figure 5. Levitation force of MgB2 sintered at 700, 750, 775, 800 and 850 °C for 3 h 

versus distances curves of under ZFC regime at 30 K. Inset indicates maximum levitation 
force values versus the sintering temperatures.

 
Figure 6. Levitation force of MgB2 sintered at 700, 750, 775, 800 and 850 °C for 3 h 

versus distances curves of under FC regime at 30 K. Inset shows maximum attractive 
force values versus the sintering temperatures.
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Figure 7 shows high resolution compositional SEM images of polished cross 
sections of the MgB2 material sintered at 700, 775 and 850 °C for 3 h in Ar at-
mosphere. As analyzed Figure 7, MgO grain observes especially MgB2 material 
sintered at 700 °C and then the amount of the MgO decreases with increasing sin-
tering temperature with 775 °C. SEM image taken at a high magnification clearly 
indicated the grain structure. Some grains grew large as the sintering tempera-
ture increased from 775 to 850 °C. As can be seen in the SEM images; the amount 
of porosity decreases with increasing sintering temperature from 700 to 775 °C. 
However, the sintering temperature rises from 775 to 850 °C with increasing the 
amount of porosity. This problem can be originated lack of magnesium evapora-
tion.  The presence of such porosities will reduce the superconducting current 
carrying area, and therefore the overall Jc in the MgB2 material (Liu et al., 2003). 
XRD analysis also supported the result of the SEM analysis that the MgO forma-
tion takes place at high sintering temperatures. About the grain size and phase 
purity, sintering at 775 °C appears to be optimum for the fabrication of MgB2 
bulk samples with good quality. Additional, the analysis of SEM images is directly 
related with the results of critical current density and magnetic levitation force.

 
Figure 7. SEM pictures of MgB2 samples sintered at 700, 775 and 850 °C for 3 hours.

CONCLUSIONS
Bulk MgB2 samples were prepared via solid-state reaction at various sintering 

temperatures of 700, 750, 775, 800 and 850 °C for 3 h °C in pure Ar atmosphere. 
X-ray diffraction, magnetization and scanning electron microscopy (SEM) anal-
yses indicated that single-phase and homogenous MgB2 bulks are produced by 
sintering at 775 °C, and therefore the highest critical current density (Jc) was 
recorded in that sample. The zero-field Jc value reached as 69 kA/cm2. The mag-
netic levitation force measurement results showed that processing temperature 
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is the fundamental way to improving magnetic levitation force values. Bulk MgB2 
sample of 19.60 mm diameter and 3.20 mm thickness, sintered at 775 °C, showed 
a levitaton force of 8.23 at T = 30 K. Magnetic levitation force at around liquid 
hydrogen temperature (<30 K) illustrate that the bulk MgB2 magnets have high 
potential for a variety of high field technological applications.
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DETERMINATION OF MELTING 
TEMPERATURES IN ORTHORHOMBIC 

STRUCTURES FROM ELASTIC 
CONSTANTS

Tahsin Özer

INTRODUCTION
The raw materials in nature are converted into usable material by passing 

various processes. The material has been important since the existence of hu-
manity. Nowadays it is still important. In order to maintain technological devel-
opments, the material is a critical element [ 1].

The elastic properties of the solids are associated with physical properties 
such as heat capacity, melting point, bonding between atoms, and Debye tem-
perature [2]. Elastic constants of the solid; gives interesting information about 
the mechanical and dynamic properties of the material [3].  The experimental 
determination of these quantities under high pressure is difficult due to the dif-
ficulty of the experimental conditions [4]. Because of this relationship is very 
important parameters for technological applications [5]. Because of the rela-
tionship between the melting temperature and the elastic constants, the melting 
temperature of the material can be calculated from the elastic constants. The use 
of empirical relations in determining the melting temperature will prevent the 
time and material consumption used in experimental studies. Melting tempera-
ture with empirical relations; It can be easily and quickly predicted.

The success of a project is largely dependent on the materials used in the 
project. The selection of conscious material suitable for the project is possible by 
knowing the properties of the materials. Experimental studies can be carried out 
to determine the properties of materials and theoretical studies can be carried 
out. In theoretical studies, the computing power of computers is widely used. 
The subject of the theoretical studies can be experimental studies, yet the fea-
tures that have not yet been subject to an experimental study can even create the 
properties of the non-synthesized materials. Computer calculations help reduce 
research costs while helping to understand physical phenomena [6]. Much faster 
results can be obtained by using empirical relations. 

Numerous studies have been conducted in the literature to determine the 
melting temperatures of materials [7,8]. There are empirical equations for deter-
mining the melting temperatures of cubic, hexagonal and tetragonal materials [9, 
10]. In the literature, we could not find any empirical relationship to determine 
the melting temperatures of orthorhombic structures. In this sense; equation for 
determination of melting temperatures from elastic constants of orthorhombic 
structures was first proposed with this study. As statistical the coefficient of de-
termination of the proposed equation is quite high with a rate of 99.9%. 

CHAPTER 
6
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MATERIALS AND METHODS
Too many variables can come together and influence another variable. These 

variables can also affect each other among themselves. For example, if there is a 
linear relationship between the descriptor variable x1 and the descriptor vari-
able x2, this causes the problem of multiple internal relations. These two explan-
atory variables do not need to be present in the model at the same time. One of 
the variables is enough in the model [11]. Scatter diagrams are plotted to easily 
visualize the relationship between variables. Scatter diagrams show the relation-
ship and the shape of the relationship.

The equation, which determines the functional form of the relationship be-
tween variables, is called the regression equation. In cases where a variable is 
used, a single regression analysis is performed. Regression analysis using multi-
ple independent variables is called “multiple regression analysis”. 

Xi; variable or independent variables, ei; the error term and Y; indicate the 
response variable or dependent variable, the most common multiple regression 
equation;

Y= a0 + a1X1 + a2X2 + … + akXk + ei ( 1 )

In the equation, a0; when Xi = 0, Y is the value. a1, a2, ak, is the regression 
coefficient, and X is the unit of change in 1 unit of its own unit. The term ei; error 
represents, in a way, the argument that is not included in the model. There are 
different methods [12?]  and software to solve the regression equations. SPSS and 
the MINITAB software used in this study are some of them. To see the strength 
and direction of the relationship between two quantitative variables visually, a 
scattering diagram is drawn [12]. If there is no relationship between variables, 
regression anal cannot be applied. The scatter diagram drawn for this study is 
shown in Figure 2. Examples of scattering diagrams showing the shape and di-
rection of the relationship are given in the following Figure 1.

It is not correct to estimate for an X which other than the change interval val-
ues used for calculating the regression coefficient of the regression equation. If 
an X value outside this range is used for estimation from the regression equation, 
the estimation may be inaccurate [12].

(a) (b)
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•	 (c) •	 (d)

(e) (f)
Figure 1: Scattering diagrams, (a) There is no relationship between variables, (b) 

There is a positive linear relationship between variables, (c) There is a negative linear 
relationship between variables, (d) The relationship between variables is parabolic, 

(e) The relationship between the variables is parabolic in a negative direction, (f) The 
relationship between variables is curvilinear.

After the regression coefficients are calculated and the regression estimation 
model is established, coefficients of determination (R2 and corrected R2) are cal-
culated. The value of R2 indicates “Xi” variables explain the what percentage ex-
plains of the total change in “Y”. In regression models with the same number of 
explanatory variables, R2 uses the corrected R2 value in regression models with a 
different number of explanatory variables [11]. The coefficients of determination 
take the values 0 ≤ R2 ≤ 1. 

The R2 value is. “0” indicates that the variability in the dependent variable 
cannot be explained by the argument. “1” indicates that the variability in the de-
pendent variable is fully explained by the argument. [12].

RESULTS AND DISCUSSION
For regression analysis, there should be a relationship between variables. 

This relationship can be seen visually from the scattering diagrams. The melting 
temperatures and elastic constants supplied from the literature review are given 
in Table 1. The scattering diagram for orthorhombic structures using the values 
given in Table 1 is given in Figure 2.
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Figure 2: Scattering diagram for orthorhombic structures.

From scatter diagrams; it can be seen there is a clear relationship between 
variables. For orthorhombic structures, variance and regression analyzes were 
performed with MINITAB 17 [13] software on the data shown in Table 1. As a 
result of the analysis, the regression coefficient was statistically significant and 
the coefficient of determination of the model was 99.9%. According to this result 
99.9% of the variability in the melting temperature of an orthorhombic material 
can be explained by the elastic constants C11, C12, C13, C22, C23, C33, C44, C55 and C66, 
0.1% cannot be explained by these constants. Mp, regression equation to indicate 
the melting temperature in Kelvin (K) degrees,

Mp = 246.3 - 3.10 C11 (GPa) + 7.72 C12 (GPa) + 55.92 C13 (GPa) - 20.90 C22 
(GPa) - 122.17 C23 (GPa) + 58.99 C33 (GPa) + 58.16 C44 (GPa) + 42.07 
C55 (GPa) - 114.9 C66 (GPa)

( 2 )

From this equation; It is observed that C12, C13, C33, C44 and C55 increase the 
melting temperature, C11, C22, C23 and C66 decrease the melting temperature.

The comparison of the melting temperatures obtained using the proposed 
equation in this study is done in Table 1. As can be seen from Table 1, the values 
calculated using Equation (2) are quite consistent with experimental values. The 
maximum difference between the calculated values and the experimental values 
given in Table 1 is 9.7%, the smallest difference is 0.02% and average 2.78%.
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Table 1: Comparison of melting temperatures for orthorhombic structures (Cij in GPa, 
Melting point (Mp) in K)

Formula Mp C11 C12 C13 C22 C23 C33 C44 C55 C66 From 
eq(2) Dif.

(NH4)2SO4 
[ 8] 553 36.07 16.51 15.8 29.81 14.56 35.34 10.25 7.17 9.74 607.01 9.77

BaSO4 
[ 8] 1853 89.41 46.14 26.91 78.42 26.76 105.48 11.9 28.74 27.78 1853.43 0.02

CaSO4 
[ 8] 1733 93.82 16.5 15.2 184.5 31.73 111.8 32.47 26.53 9.26 1736.00 0.17

Mg2SiO4 
[ 8] 2170 328.48 63.9 68.8 199.8 73.8 235.3 65.15 81.2 80.88 2169.09 0.04

MgSO4.7H2O [ 8] 423 32.5 17.4 18.2 28.8 18.2 31.5 7.8 15.6 9 406.23 3.96

KNaC4H4O6.4H2O 
[ 8] 343 25.5 14.1 11.6 38.1 14.6 37.1 13.4 3.2 9.8 321.28 6.33

K2SO4 [ 8] 1342 53.57 19.99 20.95 56.53 19.9 55.23 19.5 18.79 14.24 1339.88 0.16

Sr(CHO2)2.2H2O 
[ 8] 373 43.91 10.37 -14.9 34.84 -1.4 37.46 15.38 10.75 17.24 375.55 0.68

S8 
[ 7] 421 14.22 2.99 3.14 12.68 7.95 18.3 8.27 4.28 4.37 403.07 4.26

Tl2SO4 
[ 8] 905 41.06 25.73 22.88 38.85 21.74 42.68 11.25 10.68 7.51 887.56 1.93

U [ 8] 1408 214.86 46.22 21.76 199.83 107.64 267.63 124.79 73.79 74.54 1412.03 0.29

ZnSO4.7H2O [ 8] 373 33.2 17.2 20 29.3 19.8 32 7.8 15.3 8.3 394.56 5.78

Min. 343 14.22 2.99 -14.90 12.68 -1.40 18.30 7.80 3.20 4.37 321.28 0.02

Max. 2170 328.48 63.90 68.80 199.83 107.64 267.63 124.79 81.20 80.88 2169.09 9.77

Mean. 991 83.88 24.75 19.20 77.62 29.61 84.15 27.33 24.67 22.72 992.14 2.78
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CONCLUSION
The melting temperatures and elastic constants of orthorhombic structures 

were obtained from the literature review. In order to know the relationship be-
tween these data and the variables visually, scatter diagrams were drawn. There 
was a relationship between melting temperature and elastic constants. Variance 
and regression analysis were performed by using MINITAB 17 software. As a re-
sult of these analyzes, regression equation which predicts melting temperatures 
from elastic constants was proposed with a 99.9% coefficient of determination 
in the 95% confidence interval for orthorhombic structures. The melting tem-
peratures estimated using the proposed equation in this study; compared with 
experimental data.
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