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1. GIRIS

Tarih boyunca insanlar varliklarin1 korumak ve yatirirm yapmak
icin ¢esitli alanlarda degerlendirmeler yapmaktadir. Bu alanlardan bir
tanesi ise borsa yatirim araglarindan olan hisse senetleridir. Risk orani
fazla olan hisse senetlerinin tahmin ve degerlendirme asamasi bu yatirim
araclarinin korku derecesini yiikseltmistir. Matematik ve istatistiksel
alanda caligmalar neticesinde hisse senetlerinin fiyatlanmasina etken olan
bir¢ok yontem gelistirilmistir. Daha ¢ok ileri donem tahminleri {izerine
yogunlasan yatirimcilar bu alanda bir ¢ok tahmin yontemlerini ve
algoritmalarini kullanmislardir.

2. TAHMIN YONTEMLERIi

Istatistiksel ¢alismalarda tahmin yontemleri yatirim araglari, veri
analizleri, biitge tahminleri gibi bir ¢ok alanda kullanilmaktadir. Bu
yontemler igveren, c¢alisan veya bir bireyin hedefledigi beklenti ile
karsilagilabilecek olasiliklarin belirlenmesinde Onem arz etmektedir.
Yatirim araglarmin tahminlemesi i¢in ARIMA ve Ustel Diizeltme dnemli
tahmin yontemlerindendir. Ustel Diizeltme ydnteminin basitligi, trend ve
mevsimsellige uyumu, uygulama kolayligi, diisiik maliyeti, veriye uygun
hareket etme kabiliyeti baslica avantajlarindandir. ARIMA ise esneklik,
uzun vadeli tahminleme, genis uygulama alanlar1 ve teorik temel gibi
birgok avantaja sahiptir (Mashadihasanli, 2022). Bu iki yontem ile
kullanicilar diisiik maliyet ve uygulama kolayligi ile g¢alismalarinda
dogruluk olasilig1 yiiksek bilgiler elde etmektedir. Bu ¢alismada bu iki
yontem ile hisse senedi fiyat tahmini yapilmistir.

2.1. ARIMA

ARIMA (Otoregresif Entegre Hareketli Ortalama) modeli, zaman serisi
verilerinin gegmis degerleri arasindaki iliskiyi modelleyerek gelecekteki
degerleri tahmin etmek i¢in kullanilan giiglii bir istatistiksel
yontemdir(Box ve Jenkins, 2015). Bu modelin temelini olusturan {i¢
bilesen vardir. Bunlar:

OtoreGresif (AR): Bir gozlemin, 6nceki gozlemlerinin dogrusal bir
fonksiyonu oldugunu ifade eder. Yani, bir veri noktasmnin degeri,
kendinden onceki degerlerle belirli bir iliski i¢indedir.

Entegre (I): Verinin duragan olmamasi durumunda, duragan hale
getirmek icin fark alma islemi uygulanir. Fark alma islemi, bir gozlem ile
bir 6nceki gdzlem arasindaki farki alarak yapilir.
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Hareketli Ortalama (MA): Bir gozlemin, beyaz giiriiltii hatalarinin
dogrusal bir fonksiyonu oldugunu ifade eder. Yani, bir veri noktasinin
degeri, ge¢misteki hatalarin agirlikli ortalamasidir.

Bir ARIMA modelini genel olarak asagida verilen esitlikteki gibi
verebiliriz:

Yt =a+B1Yt-1 +B2Yt-2 +-+BpYt—p +@let—1 +@2et-2 +-+pqeq—1 )
Esitlik (1)’de,

a: sabit degeri,

B: gozlem degerleri icin katsayilarini,

Yt: zaman serisinin t anindaki degerini,

@: hata terimlerinin katsayilarini,

&: hata terimlerini,

p: oto regresif katsayisini baska bir ifade ile gecikme degerlerini,

gostermektedir. q ise hareketli ortalama parametresidir. Sonug¢ olarak,
ARIMA (p, d, q) ifadesi ile otoregresif siralama(p), fark alma isleminin
kag¢ kez yapilacaglt (d) ve hareketli ortalama parametresi(q) bilgileri
ortaya konulur (Aslan ve Erdur, 2020).

Analizler genellikle orta capli biyiikliikkteki veri setlerinin
analizlerinde kullanilir. Biiyilk ¢apli veriler i¢in daha ¢ok makine
O0grenmesi ve derin Ogrenme, bulanikk mantik gibi yoOntemler
kullanilmaktadir. BIST endeksinde siireclerin karmasikligi, fiyatlar
etkileyen faktorlerin ¢ok olmasi sebebiyle yatirimeilar, ekonomistler,
matematik¢iler birden fazla teknigin uygulamasi, kiyaslamasi ve hedef
belirlenmesini amaglamigtir. Optimal sonug basarist i¢in karsilagtirmalar
g6z oniinde bulundurulmustur. Bu ¢aligmada ise mevsimsellik faktorii ile
ogrenme teknigi olan ARIMA yonteminin kiyaslanmasi sonucu elde
edilen ¢iktilarin dogrulugu kontrol edilecektir. Bu sayede zaman faktorii
ve bagil hareketlerin piyasa fiyatlanmasindaki baskinlik test edilmis
olacaktir (Bengio, 2009).
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2.2. USTEL DUZELTME

Ustel Diizeltme, zaman serisi verilerindeki egilimleri ve diizgiin
olmayan degisimleri tahmin etmek i¢in kullanilan bir istatistiksel
yontemdir. Bu yontemde, daha eski verilere gore daha yeni verilere daha
fazla agirhik wverilir. Yani, zaman serisi boyunca ilerledikce, yeni
gozlemler daha fazla 6nem kazanir ve eski gozlemler daha az 6nem
kazanir. Bu sayede, verideki en giincel egilimler daha iyi yakalanabilir.
Ustel Diizeltme Yontemleri genel hatlart ile 3 ydntem {izerinden
degerlendirilebilir. Bunlar Single, Double ve Triple Exponential
Smoothing olarak adlandirilir.

2.2.1. Single Exponential Smoothing (SES/Single HWES):

Basit Ustel Diizeltme Yéntemi (SES), yalnizca duragan zaman
serilerinde etkili olup, trend ve mevsimsellik gibi yapilart modelleyemez.
Bu yontem, gecmis verilere daha fazla agirlik vererek iistel bir diizeltme
gergeklestirmektedir. Gelecegin, yakin gecmisten daha fazla etkilendigi
varsayimiyla gegmis veriler agirliklandirilarak  kullanilir.  Single
Exponential Smoothing formiilii Denklem 2 de verilmistir.

Je=a -y +(A—a) (Je-1) (2)

a, 0 ile 1 arasinda bir deger alarak diizeltme faktorii olarak iglev
goriir ve agirliklandirma diizeyini belirler. Tahminler, gecmis gercek
degerler (learning) ile oOnceki tahminlerin (remembering) {stel
agirliklandirilmasiyla olusturulur.

2.2.2.Doble Exponential Smoothing (DES/Double HWES):

Cift Ustel Diizeltme yontemi (DES), Basit Ustel Diizeltme (SES)
yontemine ek olarak trend etkisini de dikkate alarak iistel diizeltme yapar.
Ancak, bu yontem mevsimsellik etkilerini modelleyemez.

ly =ay; + (1 —a)(i—1 + bt_q) 3)
by = ﬁ(lt - lt—l) + (1= pB)bt—y “4)
}A’(t+1) = li+b, ®)

Denklem 3 level’i, Denklem 4 trendi ifade eder. a parametresi
level’a iligkin gegmis deger ve tahmin edilen degeri ne kadar
agirliklandiracagimizla ilgilidir. DES, o parametresine ek olarak [
parametresini de kullanir.
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B; Trend bilesenine iliskin optimize edilmesi gereken
parametredir.

2.2.3.Triple Exponential Smoothing (TES/Triple HWES):

Winters Ustel Diizeltme Y6ntemi, Cift Ustel Diizeltme (DES)
yontemine ek olarak mevsimsellik etkilerini de modelleyerek en geligmis
diizeltme yontemlerinden biri olarak kabul edilir.

le=a(y:—si—p) + (1 — a)(le—1 + bey) (6)
by =By —le—1) + (1 = B)be_y (7)
se =y =) + (1 —¥)Se—p ®)
Ve+m = lg + Mbe + St_pr14(m-1)moap ©)

Level ve trend’ e ek olarak 3.formiil mevsimselligi ifade eder.

¥; Mevsimsellik bilesenine iliskin optimize edilmesi gereken
parametredir.

Bu yontem, dinamik bir sekilde diizey (level), trend ve
mevsimsellik etkilerini degerlendirerek tahminler iiretir.

3. HISSE SENEDi GELECEK DONEM FiYAT TAHMIiNi

Kiresellesen diinyada artan rekabetle birlikte hisse senedi
fiyatlari, arz-talep dengesine bagli olarak sekillenmekte ve cesitli
degiskenlerden etkilenmektedir. Basarili bir hisse senedi fiyat tahmini
icin en az veri ve en basit modellerle en dogru sonuglara ulagsmak biiyiik
Oonem tasir. Politik, ekonomik, toplumsal ve ticari birgok faktdr hisse
senedi endekslerini etkilediginden ve endeksler kompleks ve dogrusal
olmayan bir yapiya sahip oldugundan tahminler gii¢liikle yapilir. (Aktas
vd., 2022) hisse senetlerinin bu sekilde karmasik yapida olmasi ise daha
¢cok parametre igeren istatistiksel yontemlerin Onemini destekler
niteliktedir. Hisse senedi fiyatlar1 siddetli volatilite nedeniyle diger
yatirim sekillerine gore riski fazladir (Caliskan ve Deniz, 2015). Hisse
senedi fiyat tahminlerinde en 6dnemli veri setlerinden biri giinliik, haftalik
ve aylk kapams fiyatlaridir. Yatirimim devamliligi, sermayenin
korunmasi ve yatirimecr psikolojisinin  yOnetimi acisindan kapanis
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fiyatlaria dayal1 analizler giiven saglar. BIST endeksinin karmasik yapisi
nedeniyle uzun vadeli tahminlerin genellikle ger¢ek¢i olmadigr goriilmis,
buna karsin orta vadeli analizlerde tahminlerin ger¢eklesme oraninin
belirgin oldugu gozlenmistir.

4. USTEL DUZELTME VE ARIMA YONTEMLERI iLE TAHMIN
UYGULAMASI

Uygulama agsamasinda BIST100’de islem goren EREGL hisse
senedinin 2017 ve 2023 verileri kullanilarak Triple Ustel Diizeltme
Yontemi ile 2024 yili tahmini yapilmistir. Ay kapanis verileri
kullanilarak olusturulan model, gercek degerler ile tahmin degerleri
karsilagtirilarak kiyaslanmistir. ARIMA Yontemi ile yapilan uygulamada
ise EREGL hisse senedinin 2017-2023 verileri kullanilmigtir. Elde edilen
sonuclar Tablo 1-2 ve Sekil 1-2°de verilmistir.

Tablo 1: Triple Ustel Diizeltme ile elde edilen tahmin ve gercek deger
veri tablosu

TARIH TAHMIN GERGEK DEGER

Oca.24 22,31 21,3
Sub.24 23,42 22,48
Mar.24 20,61 20,9
Nis.24 18,56 21,5
May.24 16,94 23,95
Haz.24 18,49 26,62
Tem.24 23,30 28,02
Agu.24 22,75 26,75
Eyl.24 22,63 24,1
Eki.24 22,07 26,7
Kas.24 20,91 23,8
Ara.24 21,66 25,3
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Sekil 1. Triple Ustel Diizeltme ile elde edilen tahmin ve gercek deger

karsilastirma grafigi

Tablo 2: ARIMA ile elde edilen tahmin ve gercek deger veri tablosu

TARIH 2024 TAHMIN GERCEK DEGER

Oca.24 19,46 21,3
Sub.24 21,84 22,48
Mar.24 20,31 20,9
Nis.24 19,96 21,5
May.24 20,17 23,95
Haz.24 20,48 26,62
Tem.24 20,73 28,02
Agu.24 20,9 26,75
Eyl.24 21,99 24,1
Eki.24 21,05 26,7
Kas.24 21,07 23,8
Ara.24 21,08 25,3
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ARIMA - Tahmin ve Gergek Degerler
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Sekil 2. ARIMA ile elde edilen tahmin ve gercek deger karsilagtirma grafigi
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5. SONUC

Calisma sonucu elde edilen bulgular asagida verilmistir:

Triple Ustel Diizeltme modeli, stabil ve diisiik dalgalanmali
donemlerde (6rnegin Mart ve Nisan 2024) daha tutarli tahminler
tiretmistir. ARIMA modeli ise genel olarak gergek degerlere daha
yakin sonuglar elde etmis, ancak ani degisimlerde sapma
gostermigtir.

Triple Ustel Diizeltme modeli, yiiksek volatilite dénemlerinde
(Mayis ve Haziran 2024) ciddi tahmin hatalar1 yapmustir.
ARIMA modeli, dalgalanmalar1 daha iyi takip etmesine ragmen,
ani artis ve diisiislerde performansi yetersiz kalmigtir.

Triple Ustel Diizeltme modeli, daha diiz ve yumusak bir tahmin
egilimi gostermis, keskin inis-¢ikislar1 6ngérmekte zorlanmistir.
ARIMA modeli ise keskin gecislere duyarli olsa da yiiksek
volatilite donemlerinde tutarsizlik gdstermistir.

Triple Ustel Diizeltme modelinde tahminler, 6zellikle May1s ve
Haziran aylarinda gercek degerlerden oldukca uzaklagmustir.
ARIMA modelinde ayn1 donemlerde sapmalar daha kiigiiktir,
ancak hala kayda deger bir fark bulunmaktadir.

Her iki model de Mart, Nisan ve Eyliil aylarinda gergek degerlere
oldukca yakin sonuglar iretmistir, bu da diisilk dalgalanma
donemlerinde iyi performans sergilediklerini gdstermektedir.

Her iki model de ani degisimler ve volatiliteyi daha iyi
yakalayacak sekilde iyilestirilmelidir. Sezonluk etkiler ve digsal
faktorler modele dahil edilerek performans artirilabilir.

Triple Ustel Diizeltme modeli, dalgalanmas1 az olan dénemlerde
giivenilir sonuglar verirken, ARIMA modeli genel dogruluk
acisindan daha istiindiir. Ancak, her iki modelin de yiiksek
volatilite donemlerinde performansi artirilmasi gerekmektedir.
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INTRODUCTION

Estimation of unknown parameters of distributions used to model real
data is one of the main problems of statistical science. Parameter
estimation plays a central role in statistical analysis and modeling
processes. The determination of parameters representing the basic
characteristics of a population or process based on observed data has a
multifaceted importance in both theoretical and applied studies. In this
context, parameter estimation forms a critical leg for the development of
generalizable models in various disciplines ranging from linear regression
analysis to machine learning algorithms (Aster, Borchers, Thurber 2019;
Kutz 2023).

Contemporary statistics employs various parameter estimation
techniques, ranging from traditional methods like Least Squares
Estimation (LSE) and Maximum Likelihood Estimation (MLE) to more
advanced approaches, including Bayesian methods and strategies focused
on robustness. Various metrics are used to compare the performance of
these methods. Measures such as mean squared error (MSE), information
criteria (AIC, BIC) and error rates are the main tools used to reveal the
advantages and disadvantages of different methods.

The methods used in parameter estimation are characterized by the bias,
consistency and efficiency of the estimators (Kosmidis 2013; Sultana,
Muhammad, Aslam 2019). Bias refers to the systematic distance of an
estimator from the true parameter value, while consistency describes the
tendency of the estimator to converge to the true parameter value as the
sample grows. Efficiency refers to the minimal variance of an estimator
under a given level of bias (Edge, 2019). These properties are important
criteria for highlighting different parameter estimation methods and
determining their areas of use.

In this section, we will discuss the theoretical basis and comparison
criteria of parameter estimation methods. The aim is to provide the reader
with a comprehensive overview of the underlying principles and
applications of both traditional and modern parameter estimation
approaches.

1. Maximum Likelihood Estimation

The core principle of the Maximum Likelihood Method is to
identify the parameter value that maximizes the likelihood of observing
the given sample data, thereby offering an estimate for the population
parameter.

Consider X}, X5,...,X, as a sample drawn from a population with a
probability density function f(x;0). When the probability density
function of this sample is viewed as a function of the parameter § alone, it



Istatistik Alaninda Aragtirmalar ve Degerlendirmeler - 19

is referred to as the likelihood function of #. The likelihood function is
expressed as:

L(O11, X, o Xn) = f (1, Xy e %10) = [Ty £ (2:10)

The value of 6 that maximizes the likelihood function (if such a
value exists) is considered the maximum likelihood estimate of 6. In
other terms, the maximum likelihood estimator of @ is:

6 = arg’gggL(Glxl,xz, vy Xp)

To simplify the process, the natural logarithm of the likelihood
function L(0|xq,x5,...,%,) is often used instead of the likelihood
function itself when finding the maximum likelihood estimator of 6.
Since the natural logarithm is monotonically increasing, it can be
expressed as (Akdi, 2014: 329).

L (810, % . ) = "BKLOGL(OIX, X, )

Here, the function logL(0|xy,x5,...,x,) is called the logL
likelihood function and is abbreviated as.

Example: The maximum likelihood estimator is widely used for
estimating the parameters of the Weibull distribution. When assessed
using goodness-of-fit statistics, it tends to offer more reliable results in
comparison to other estimation methods (Lei, 2008).

Consider X/, X2,..., Xn as a sample of n units drawn from the
Weibull distribution. The likelihood function is:

s g0 =] (4 exp( )

i=1 i=1

if the logarithm of the likelihood function is taken;
InL(u, a, Blx)

n
=nlnp —nlna + (B — 1)Zln(xl
. i=1
_ 2 (xi - 'u)ﬁ
= ¢
is obtained. When the first order partial derivatives of
In L(u, a, B1x) concerning u, a, ff are taken and equated to zero;

dlnL(y,a ﬁlx) —B- 1)z( )+Ezn: (u)ﬂ—l
a

dlnL(u.a,ﬁIx) n n(ﬁ—l) ﬂ ( u)ﬁ
a

da a a a /
i=1

ailaesle) s 5 n (52) - 3 n (52) (52))
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equations are obtained. Since the likelihood equations are
nonlinear functions, their solutions are obtained using numerical
methods. Second derivatives are examined to show that the functions are
minimum or maximum at the point or points that make their first
derivatives zero.

1.2. Least Squares Method

It is particularly one of the methods used for estimating the
parameters of a regression equation. Let there be any two variables, X and
Y. If there is a relationship of the form Y = f{X) between these variables,
the value of Y is determined for X = x. When any experiment is repeated
under the same conditions and X = x is held constant, different outcomes
may be observed for Y. Therefore, a relationship of the form
Y = f(x)+eis more meaningful. Here, it will be considered as a
function in the form f(x)=a+bx. It is one of the methods used,
especially for estimating the parameters of a regression equation.

Let there be X and Y. If there is a relationship between these
variables in the form of Y=f{X), then for X=x, the value of Y is known.
When an experiment is conducted repeatedly under identical conditions,
varying outcomes for Y may be observed while X=x remains fixed.
Therefore, a relationship of the form Y=f{X)+e is more meaningful. Here,
it will be considered as a function of f(X)=a+bx

The simple linear regression equation model involves dependent

random variablesY;, where x;,i = 1,2,3,...,n, and independent error

terms e¢;. These error terms have an expected value of zero and a

variance of 62. The parameters « and & represent the intercept and
slope, respectively.

Yi=ayg+tax;+e, i=123,..,n

One objective is to estimate the model parameters @ «; so that the

sum of squared errors is the smallest.

n n
minQ(@o, @) = Y ef = > (= arX; — )’
i=1 i=1
For this purpose, by setting the first derivatives of Q(a, a;) with
respect to ay and ajequal to zero, the values that make the function
Q(ap, @;) minimum or maximum are found. By setting these derivatives
equal to zero

) — 231, — anXi — )

dao
n
dQ(ao, a;)
— = 2 ) (- X — ag)
%1 i=1
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equations are obtained. & and &

N

Il
—

I’ldo +&1 X; = Yl and

1

Il
_

1 1

. n . n 2 n
Qo2 x +a12x =2.xY,
i=1 i=1 i=1
equations are obtained. These equations are known as normal
equations in literature. Solutions of normal equations are
n 3} -
@ = Zl:éélz:(;:—)z(?il)zyn)’ Ao = Yn — Q1 Xy
is in the form of. These solutions are least squares estimators of the
parameters « and a4. In order to show that they are minima, the second
derivatives of the function Q (e, @;) must also be analyzed. (Akdi, 2014:
342).
Example: Obtaining Weibull distribution parameters with least
squares estimator
Consider X;, X5,...,X;, as a sample of n units selected from a
Weibull distribution

x B
F(x;b,c) =1—exp (— (E) )
The following function is obtained by taking the logarithm of both
sides of the cumulative distribution function,

F(x)=1—exp <— (g)ﬁ>
1— F(x) = exp (— (g)ﬁ>

x\ B

~In(1 - F(x)) = ()

a
In (—ln(l — F(x))) =fInx—BIna

To obtain the least squares estimator of the parameters S, and f3;

v =mn(-in(1-F()): X = Inx; f; = f: fp = —fIna

can be written as a linear equation using the above transformations.

Y=P5X+Po

For i=1,2,...,n the (i) th smallest rank statistic of Xi, X,,..., X,
X(i)- The range of means is used to estimate the values of the cumulative

distribution function F (X),
Plxo) =
Xiy) = ——
O/ " n+1
The regression coefficients S, and pfjare determined by
minimizing the sum of error squares.
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minQ(Bo, fr) = ) (% = i — o)’
i=1

To obtain the least squares, an estimator of 8, and f3;, the partial
derivative of Q with respect to [, ve 8, is taken and set equal to zero

aQ o mon(—=In(1-F(x))) =B 2 Inx;
ap, " TPE= n
d_Q _ i xy; —n¥X

df; Y, x? —nX?

B nyi, Inx; ln(— ln(l - F(xi))) -y ln(— ln(l — F(xl-))) i Inx;

nyi, In?x; — (Z?=1 In xi)2
Accordingly, the estimators @ and /8 can be written as follows.
ﬁA _ B\ _ nYrInx;In(-In(1-F(x)))-Xi; In(-In(1-F(xy))) Xi=, Inx;
1 n¥t In2x;—(Z,In xL-)Z
—_— A ~ 1 A~
Bo=—FIna = ;Z?zlln(— ln(l - F(xi))) —BY Inx;

Ing = — i, In(- ln(l—FSxi)))—E SieqInx;

Bn
_ Y In(=1In(1-F(x)))-B1 ey In xi)
Bn

0?=exp(

1.3 Weighted Least Square Estimation

The weighted least squares estimators of 8, and 8, are B, ve fy:

Q(Bo, B1) = iy wi(Y; — B1X; — Bo)?

are the smallest values of the function. Weight factor w; proposed
by Bergman (1986).

2

w; = [(1 - F(X(l))) In (1 - F(X(l)))] , i:1,2,...,}’l

is defined as.

Example: Obtaining Weibull distribution parameters with weighted
least squares estimator

Consider X;, X5,..., X, as a sample of n units selected from a
Weibull distribution.

Y= in(=in(1-F@)): X =Inx; f; = f; fo = —fIna can be
written as a linear equation using transformations.
n
2
minQ(Boy, f1) = Z w; (ln (—ln(l - F(x))) — B1lnx; + Blna)

=1
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2. STATISTICAL CRITERIA USED IN THE COMPARISON
OF PARAMETER ESTIMATES

After obtaining the estimators of the unknown parameters, the next
important problem is determining which estimator is the best. Below, the
statistical criteria used in the application areas of the study are explained

2.1. Mean

It is obtained by summing all the observed values and dividing the
total by the number of observations. This value represents the mean of the
parameter estimates obtained via Monte Carlo simulation, and is
mathematically expressed as:

n <=

2.2. Bias

Bias reflects the difference between the expected value of an
estimator and the actual value, and is mathematically expressed as:
Bias(8) =E(6) -0

If the Bias=0, the estimator is called an 'unbiased estimator'.

2.3. Variance

Variance provides information about the concentration of the
estimators around the mean and is mathematically defined as;
2
Var(d) =31, (0, - 8)
Variance values can be used to compare the efficiency of unbiased
estimators. An unbiased estimator with a smaller variance is considered
more efficient according to the variance criterion.

2.4. Root Mean Squared Error (RMSE)

The Root Mean Squared Error (RMSE) is a second-order metric
that quantifies the error magnitude between predicted and actual values in
a model. It is represented as the standard deviation of the prediction
errors, providing a numerical measure of the model's ability to accurately
align with the observed data.

Let Xi,X,,...,X,, denote random variables, with their
corresponding order statistics given by X(1),X(2),..., X(n) and the
observed ordered values as Xx(1), X(2), ..., X(n)- The following average
rank is used to estimate the values of the cumulative distribution function.
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i

— i =12,...
n+1l l 14 ln

Flx) =9 =

Here i is the minimum index value of the observed variables
X1y X(2)r -+ and X(n)- The RMSE minimization function is given below.

V(o) = [FELLG: -

Example: Let Xq, X5,..., X, represent a sample of size n drawn
from a Gumbel distribution with mean y and standard deviation o. The
RMSE function of this distribution is as follows;

2
miny(u, o) = \/% i <exp — (exp — (%)) — F(X(i))>

2.5. Specification coefficient (R?)

The specification coefficient indicates how much the independent
variables explain the dependent variable. It is the best indicator of the
goodness of fit and explanatory power of a linear model. As explained in
the Least Squares method, let there be a relationship between the X and Y
variables in the form of ¥ = f(x)+e:

The most general definition of the specification coefficient is as

follows;
2 _ Yisa (Vi—F (x))*

R =1 o

The specification coefficient tends to increase as more independent
variables (X;) are added to the model. Since the degrees of freedom
decrease, the prediction errors increase, creating a disadvantage when
comparing the added X variables to the model.

Example: The R* function of the Gumbel distribution

Let Xq,X5,...,X;, be a sample of size n drawn from a Gumbel
distribution with mean x and standard deviation o. The R* function of this
distribution is as follows;

?=1<exz’_(ex”_(x§ “)-F (x(i)))2
(2?21 exp—(exp—(ﬂ))—%2]{‘:1 exp—(exp_(ﬂ)))z

g a

2.6. Theil's inequality coefficient

Theil’s inequality coefficient is one method used to measure the
accuracy of predictions generated by certain models. Known as Theil’s U
coefficient, it indicates the degree of difference between a model's
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predicted values and the corresponding observed values. The first
inequality coefficient used by Theil, U, , is given by the equation 4.33.

,%Z?:l(j}i_yi)z
TIC(Uy) =
JEEmgre [Pan v

The difference between the U, and U, coefficients is that U; has
the prediction values in the denominator. The presence of the prediction
term in the denominator causes U; to be bounded between 0 and 1 (0<
U;<1). In contrast, the U, coefficient, which does not include prediction
values, has no finite upper limit. When U; approaches zero, it indicates a
good fit, while approaching one indicates a poor fit. When y; = y;, the U
coefficient reaches zero, indicating perfect prediction. If there is an
inverse relationship between the predicted and observed values or if one
of the variables is zero, the TIC reaches its maximum value of 1.
Therefore, the U; value alone does not provide sufficient information
about the reliability of the applied prediction method (Bliemel, 1973).

Example: Theil’s Inequality Coefficient for the Gumbel
Distribution
Let Xy, X5,...,X, be a sample of size nnn drawn from a Gumbel
distribution with mean p and standard deviation 6. The Theil’s inequality
coefficient for this distribution is as follows;

\/%Zyﬂ (exp - (exp - (= “)) - F(X(i))>2
[zt o= 2] )+ o)

2.7. Mean Squared Error (MSE)

It is a criterion used to compare the efficiency of biased estimators
and is mathematically expressed as;

MSE(9) = var(6) + (Bias())
According to the MSE criterion, an estimator with a smaller MSE

value is more efficient. For unbiased estimators, the variance and MSE
values are equal.

2.8. Defect criterion (Def)

It is an important measure used to test the effectiveness of various
methods for estimating a set of parameters. When multiple parameters are
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to be estimated simultaneously, a criterion is used to compare the
efficiency of estimators and is mathematically expressed as follows.
Def(a,pB,I) = MSE(&) + MSE(B) + MSE(T)
Since estimators with smaller MSE values are more efficient than
others, estimators with smaller Def values are also more efficient.

2.9. Akaike Information Criterion (AIC)

It is used to compare the proposed models for a dataset, and the
model with the lowest AIC value is always preferred. The AIC values
(Akaike, Petrov, and Csaki, 1973) are mathematically expressed as:

AIC = -2InL + 2k

The AIC is valid within the selected sample size and for future

predictions.

2.10. E? criterion

The metric most commonly used for parameter estimation is the
minimum mean squared error. In all cases, parameters are chosen that
minimize the sum of the squared differences between the actual and
predicted values (Nisbet, Elder, and Miner, 2009).

Abbasi, Niaki, Khalife, and Faize (2011) used the E? value, which
is the sum of the squared differences between the real parameter values
and the predicted parameter values, to measure the performance of their
new algorithm and to compare the prediction results of the Levy Flight
Artificial Bee Colony (LABC), Artificial Bee Colony (ABC), Genetic
Algorithm, and LPSO algorithm used by Yonar (2020) for parameter
estimation.

For the proposed models, the best solution among the Pareto points
in the parameter space was obtained by selecting the point corresponding
to the prediction points' lowest (min) E? value.

n

2= (r -
i=1
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